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Abstract

This chapter is an attempt to find a mathematical realization of the modified Feynman
rules hoped to give rise to a unitary M-matrix (recall that M-matrix is product of a positive
square root of density matrix and unitary S-matrix in TGD framework and need not be
unitary in the general case). This approach is now obsolete but woas on the correct track
since it was based on the idea that virtual particles can be regarded as massless on mass
shell particles. This view has emerged in twistor Grassmannian approach years later, and in
the recent stringy formulation of generalized Feynman diagrams fundamental fermions can be
regarded as massless on mass shell states but having unphysical polarization in internal lines.
Despite that the chapter is out-of-date in many respects, I have decided to keep it.

The basic idea is that bosonic propagators emerge as fermionic loops. The approach is
bottom up and leads to a precise general formulation for how the counterpart of YM action
could emerge from Dirac action coupled to gauge bosons and to modified Feynman rules.

An essential element of the approach is a physical formulation for UV cutoff. Actually
cutoff in both mass squared and hyperbolic angle is needed since Wick rotation does not
make sense in TGD framework. This approach predicts all gauge couplings and assuming a
geometrically very natural hyperbolic UV cutoff motivated by zero energy ontology one can
understand the evolution of standard model gauge couplings and reproduce correctly the values
of fine structure constant at electron and intermediate boson length scales. Also asymptotic
freedom follows as a basic prediction. The UV cutoff for the hyperbolic angle as a function
of p-adic length scale is somewhat ad hoc element of the model and a quantitative model for
how this function could follow from the requirement of quantum criticality is formulated and
discussed.

These considerations and numerical calculations lead to a general vision about how real and
p-adic variants of TGD relate to each other and how p-adic fractalization takes place. As in
case of twistorialization Cutkosky rules allowing unitarization of the tree amplitudes in terms
of TT † contribution involving only light-like momenta seems to be the only working option and
requires that TT † makes sense p-adically. The vanishing of the fermionic loops defining bosonic
vertices for the incoming massless momenta emerges as a consistency condition suggested also
by quantum criticality and by the fact that only BFF vertex is fundamental vertex if bosonic
emergence is accepted. The vanishing of on mass shell N-vertices gives an infinite number of
conditions on the hyperbolic cutoff as function of the integer k labeling p-adic length scale at
the limit when bosons are massless and IR cutoff for the loop mass scale is taken to zero. It
is not yet clear whether dynamical symmetries, in particular super-conformal symmetries, are
involved with the realization of the vanishing conditions or whether hyperbolic cutoff is all
that is needed.

1 Introduction

In TGD framework S-matrix must be constructed without the help of path integral. In TGD
only fermions appear as fundamental particles. This suggests a bootstrap program in which one
starts from very simple basic structures and generates the remaining n-point functions as radiative
corrections. The success of twistorial unitary cut method in massless gauge theories suggests that
its basic results such as recursive generation of tree diagrams might be given a status of axioms. The
idea that loop momenta are light-like cannot be however be taken too seriously. Or so I thought!
After an enthusiastic period with this idea I was forced to give it up only to rediscover it in a
modified form inspired by the zero energy ontology and twistor approach. The idea is that both
external and virtual particles are composites of massless states assignable to wormhole throats.
External particles are bound states of massless states assignable to wormhole throats. For virtual
particles one gives up the bound state constraint and one allows also positive and negative energy
wormhole throats to obtain space-like net momenta for for wormhole throats. This framework
gives extremely strong constraints on virtual momenta and implies cancellation of UV and also IR
divergences. This approach is described in the [K16] .

This chapter represents a humble intermediate step in the evolution of ideas. The approach
is inspired by bosonic emergence which is a basic prediction of TGD and led to the approach to
generalized Feynman diagrams based on Yangian symmetry [A1] . Bosonic emergence suggests
that one could construct the QFT limit of TGD in terms of Dirac action coupled YM gauge
potentials with bosonic propagators generated radiatively. Finiteness requires that fermionic loop
integrations are not free but restricted by some reasonable conditions guaranteeing finiteness and
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one simply tries to guess these conditions using p-adic length scale hypothesis. The so called region
momenta appearing in twistor Grassmannian approach [B3] have in TGD framework direct analogs
as pseudo-momenta identified as generalized eigenvalues of Chern-Simons Dirac operator assigned
to the wormhole throats. Pseudo-momenta are analogous to off mass shell momenta for a massless
particle and for external particles they coincide with real light-like momenta. These momenta are
indeed analogous to off mass shell loop momenta but not directly identifiable as net four-momenta
for wormhole contacts. Number theoretic constraints suggests that pseudo-momenta are quantized
and have a limited value range. Therefore the primitive QFT model of this chapter assuming that
virtual momenta are restricted to a finite range in the momentum space can be said to be as a
predecessor of the formulation discussed in [K16] . This is the reason for why I have decided to
keep it.

1.1 The dream

Let us summarize the first variant of the dream about bootstrap approach.

1. In [K2, K4] I have discussed how the ”almost stringy” fermion propagator arises as one
adds to the modified Dirac action a term coupling the charges in a Cartan algebra of the
isometry group of H = M4×CP2 to conserved fermionic currents (there are several of them).
Also more general observables allow this kind of coupling and the interpretation in terms
of measurement interaction. This term also realizes quantum classical correspondence by
feeding information about quantum numbers of partons to the geometry of space-time sheet
so that quantum numbers entangle with the geometry of space-time sheet as holography
requires. This measurement interaction was the last piece in the puzzle ”What are the
basic equations of quantum TGD” and unified several visions about the physics predicted
by quantum TGD. ”Almost stringy” means that the on mass shell fermions obey stringy
mass formulas dictated by super-conformal symmetry but that propagator itself -although it
depends on four-momentum- is not the inverse of super-Virasoro generator G0 as it would
be in string models.

2. The identification of bosons as wormhole contacts means that bosonic propagation reduces to
a propagation of fermion and anti-fermion at opposite throats of the wormhole throat. In this
framework bosonic n-vertex would correspond to the decay of bosons to fermion-anti-fermion
pairs in the loop. Purely bosonic gauge boson couplings would be generated radiatively from
triangle and box diagrams involving only fermion-boson couplings. In particular, bosonic
propagator would be generated as a self-energy loop: bosons would propagate by decaying
to fermion-anti-fermion pair and then fusing back to the boson. TGD counterpart for gauge
theory dynamics would be emergent and bosonic couplings would have form factors with IR
and UV behaviors allowing finiteness of the loops constructed from them since the constraint
that virtual fermion pair corresponds to wormhole contact poses strong constraint on virtual
momenta of fermion and anti-fermion.

This picture translates to a dream about QFT limit of TGD where n-boson vertices reduce to
fermionic loops defined in standard manner. Unfortunately, this dream about emergence is killed
by the general arguments discussed in the chapter about twistors and TGD [K14] demonstrating
that one encounters UV divergences already in the construction of gauge boson propagator for
both free and light-like loop momenta (suggested by twistorial ideas). The physical reason for the
emergence of these divergences and also their cure at the level of principle is well-understood in
TGD Universe.

1. The description in terms of number theoretic braids based on the notion of finite measurement
resolution should resolve these divergences at the expense of locality. The physical picture
would be provided by the identification of virtual fermion-anti-fermion pair as wormhole
contact.

2. Zero energy ontology brings into the picture also the natural breaking of translational and
Lorentz symmetries caused by the selection of the causal diamond (CD). This breaking is
compensated at the level of configuration space since all Poincare transforms of CDs are
allowed in the construction of the configuration space geometry.
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3. If this approach is accepted then for given CD there are natural IR and UV cutoffs for 3-
momentum (perhaps more naturally for these than for mass squared). IR cutoff is quantified
by the temporal distance between the tips of CD and UV cutoff by similar temporal distance
of smallest CD allowed by length scale resolution. If the hypothesis that the temporal
distances come as octaves of fundamental time scale given by CP2 time scale T0 and implying
p-adic length scale hypothesis, the situation is fixed. A weaker condition is that the distances
come as prime multiples pT0 of T0.

4. QFT type idealization would make sense in finite measurement resolution and the loop inte-
grals would be both IR and UV finite.

1.2 Improved dream

The arguments above lead to a modified form of the dream.

1. Only fermionic propagators are allowed and bosonic propagators emerge. Only boson-fermion
coupling characterizing the decay of a wormhole contact to two CP2 type almost vacuum
extremals with single wormhole throat carrying fermion and anti-fermion number would
be feeded to the theory as something given and everything else would result as radiative
corrections. Boson-fermion coupling would be proportional to Kähler coupling strength fixed
by quantum criticality and very near or equal to fine structure constant at electron’s p-adic
length scale for the standard value of Planck constant. If not anything else, this approach
would be predictive.

2. This approach could be tried to both free and light-like loop momenta. For free loop momenta
the cutoff would be naturally associated with the mass squared of the virtual particle rather
than the energy of a massless particle. Despite its Lorentz invariance one could criticize this
kind of UV cutoff because it allows arbitrarily small wavelengths not in accordance with
the vision about finite measurement resolution. This suggests that these cutoffs must be
combined for a given p-adic length scale Lp to give kµkµ ≡M2 ≤ p and |k0| ≤ p using MCP2

as a unit. Hence only the region defined by the intersection of the four-cube kµ ≤ p and
M2 ≤ p contributes to the phase space for cutoff defined by p-adic mass scale Mp. Its volume
behaves like p3+1/2 rather than p4. For space-like momenta similar situation prevails. In
hyperbolic coordinates (k0 = Mcosh(η), |k| = Msinh(η)) for time-like momenta the cutoffs
correspond to (M ≤ √p, cosh(η) ≤ √p). In hyperbolic coordinates for space-like momenta
(p0 = Msinh(η), |p| = Mcosh(η)) the cutoffs correspond (M ≤ √p, |sinh(η)| ≤ √p).

The following considerations led to the conclusion that bosonic propagators could emerge from
fermionic ones in the quantum field theory type description and that this description is also favored
by the basic structure of quantum TGD. An essential element of the approach is a physical formu-
lation for UV cutoff. A cutoff in both mass squared and hyperbolic angle is necessary since Wick
rotation does not make sense in TGD framework. This approach predicts all gauge couplings and
assuming a geometrically very natural hyperbolic UV cutoff motivated by zero energy ontology
one can understand the evolution of standard model gauge couplings and reproduce correctly the
values of fine structure constant at electron and intermediate boson length scales. Also asymptotic
freedom follows as a basic prediction. The UV cutoff for the hyperbolic angle as a function of
p-adic length scale is the ad hoc element of the model in its recent form, and a quantitative model
for how this function could be fixed by quantum criticality is formulated and studied.

These considerations and numerical calculations lead to a general vision about how real and
p-adic variants of TGD relate to each other and how p-adic fractalization takes place.

1. Only fermionic loops would be fundamental and define bosonic propagators and vertices. In
twistor approach generalized Cutkosky rules allow the unitarization of the tree amplitudes in
terms of TT † contribution involving only light-like momenta. Also in TGD this seems to be
the only working option for the bosonic loops at massless limit and requires that TT † makes
sense p-adically. The treatment of the massive case suggests the generalization of twistors to
8-D context [K14] .
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2. The vanishing of the fermionic loops defining bosonic vertices for the incoming massless
momenta emerges as a consistency condition suggested also by quantum criticality and by
the fact that only BFF vertex is fundamental vertex if bosonic emergence is accepted. The
vanishing of on mass shell N-vertices gives an infinite number of conditions on the hyperbolic
cutoff as function of the integer k labeling p-adic length scale at the limit when bosons are
massless and IR cutoff for the loop mass scale is taken to zero. These condition generalize
also to the massive case and even to quantum TGD proper a first principle definition of the
fermionic loops allowing in turn to define bosonic loops as discontinuity of TT † obtained
by putting on particles on mass shell. It is not yet clear whether dynamical symmetries,
in particular super-conformal symmetries, are involved with the realization of the vanishing
conditions or whether hyperbolic cutoff is all that is needed.

This picture emerged through calculations which evolved from the first trials through the dis-
covery of an impressive number of numerical errors related to signs factors, numerical factors, and
exponents but there are reasons to believe that big blunders have been eliminated now so that one
can trust the results of calculations and conclusions following from them. Calculations are also far
from complete. For instance, propagator has not been calculated for space-like momenta and it is
not clear whether one can trust on the naive analytical continuation. Formal rigor of course does
not yet guarantee that the physical picture is correct.

1.3 SUSY improved dream

The basic criticism against the first version of the improved dream is the need to introduce explicit
cutoffs in hyperbolic angle and mass squared for the fermions appearing in fermion loops. These
cutoffs should emerge from dynamics alone. The realization of super-symmetry at space-time
level in TGD sense [K7] requires bosonic emergence as internal consistency condition, avoids these
explicit cutoffs, and leads to an UV finite theory by standard arguments about cancelation of
fermion and sfermion loops in SUSYs. This realizes a 31 year old dream to a surprisingly high
degree. Everything would emerge radiatively from the modified Dirac operator and boson-fermion
vertices (and their super counterparts) dictated by the charge matrix of the boson coding boson
as a fermion-anti-fermion bilinear.

The super-symmetry in question corresponds to a new variant of standard SUSY having N =
∞. It is natural to ask whether a natural cutoff in the value of N could emerge from the theory.
The notion of braid realizing at space-time level the notion of finite measurement resolution would
certainly imply this kind of cutoff since the number of fermionic oscillator operators would be finite.
The so called weak form of electric-magnetic duality [K6] led to a dramatic integration of various
ideas related to the quantum TGD. The earlier general solution ansatz for the preferred extremals
was understood in much more detailed manner and dual interpretations of solution ansatz in terms
of non-linear Maxwell’s electrodynamics and hydrodynamics were found [K1] . It was realized that
this ansatz implies automatically the reduction of TGD to almost topological QFT in the sense that
Kähler function of WCW reduces to Chern-Simons term. Also Kähler Dirac equation and Chern-
Simons Dirac equation were understood. In particular, the study of generalized eigen modes of
Chern-Simons Dirac equation demonstrated that braids and their number theoretic variants emerge
from the basic quantum TGD. Therefore the cutoff in N is coded to the dynamics.

1.4 ZEO improved dream

A new twist in the dream about finite S-matrix emerged with the realization that in zero energy
ontology (ZEO) virtual particles could correspond to wormhole contacts carrying non-parallel mass
shell momenta which can also correspond to opposite energies [K6, K14] . It is indeed possible to
have both space-like and time-like net momenta for the wormhole contact in this manner so that
one would end up with a variant of the original idea about the replacement of virtual particles
with on mass shell massless particles, which as such was a failure. It is strange how even the
silliest looking idea seems to be an attempt of some bigger mind to communicate to the stupid
theoretician something important.

On mass shell property does not lead to a disaster since the propagator is not ordinary Dirac
propagator (which would of course diverge) but is defined by the Chern-Simons Dirac operator-
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essentially Dirac propagator for a 2-D pseudo-momentum having discrete set of allowed values.
There are good arguments that the allowed pseudo-momenta correspond to hyper-complex primes
and possibly a finite number of their powers so that they do not induce divergences. Also a
connection with the notion of infinite prime and corresponding arithmetic quantum field theory
emerges [K13] .

The progress was stimulated by the simple observation that on mass shell property puts enor-
mously strong kinematic restrictions on the loop integrations. With mild restrictions on the number
of parallel fermion lines appearing in vertices (there can be several since fermionic oscillator op-
erator algebra defining SUSY algebra generates the parton states)- all loops are manifestly finite
and if particles has always mass -say small p-adic thermal mass also in case of massless particles
and due to IR cutoff due to the presence largest CD- the number of diagrams is finite. Unitarity
reduces to Cutkosky rules [B2] automatically satisfied as in the case of ordinary Feynman diagrams.
The last section of the chapter is devoted to a brief summary of this approach which should have
a counterpart also in the description of QFT limit of TGD. Also SUSY is consistent with the
reduction of off mass shell states to pairs of on mass shell states and guarantees finiteness of the
very few loop summations that remain when kinematic conditions are applied (self energy loops
remain and should vanish by SUSY).

1.5 What can one conclude?

What one can abstract from these dreams might be the following vision.

1. Bosonic emergence and its generalization implying that fermionic propagator is the basic
object. Even in standard gauge theory framework this means enormous simplification if one
can define UV cufoffs.

2. Generalization of SUSY and the emergence of the notion of braids implying a reduction to
SUSY algebra with a finite value of N . SUSY gives excellent hopes about the finiteness of
the QFT limit even when UV cutoff is not assumed.

3. The reduction of off mass shell states to pairs of on mass shell states in ZEO modifying
dramatically the physical interpretation of Feynman diagrammatics and implying a manifest
finiteness and unitarity of the theory. The reduction to almost topological QFT implies
that fermionic propagators are for 2-D discrete pseudo-momentum rather than for real off
mass shell momentum. This description as such is certainly not directly related to QFT
description.

The reader should be warned that this dreaming or might it be called dream walking represents
only a story about evolution of ideas and my motivation for keeping all this material is just for the
fact that I feel important to be honest and confess all the side tracks that I have made. As already
mentioned in the beginning, this chapter can be seen as one step leading to the twistor approach
to TGD inspired by Yangian symmetry [K16] .

The appendix of the book gives a summary about basic concepts of TGD with illustrations.
There are concept maps about topics related to the contents of the chapter prepared using CMAP
realized as html files. Links to all CMAP files can be found at http://www.tgdtheory.fi/

cmaphtml.html [?]. Pdf representation of same files serving as a kind of glossary can be found at
http://www.tgdtheory.fi/tgdglossary.pdf [?]. The topics relevant to this chapter are given
by the following list.

• Emergent ideas and notions [?]

• Geometrization of quantum fields [?]

• Emergence of bosons [?]

2 Bootstrap approach to obtain a unitary S-matrix

This section summarizes the basic mathematical realization of the modified Feynman rules hoped
to give rise to a unitary M-matrix (recall that M-matrix is product of a positive square root of

http://www.tgdtheory.fi/cmaphtml.html
http://www.tgdtheory.fi/cmaphtml.html
http://www.tgdtheory.fi/tgdglossary.pdf
http://www.tgdtheory.fi/webCMAPs/Emergent ideas and notions.html
http://www.tgdtheory.fi/webCMAPs/Geometrization of quantum fields.html
http://www.tgdtheory.fi/webCMAPs/Emergence of bosons.html
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density matrix and unitary S-matrix in TGD framework and need not be unitary in the general
case). The basic idea is that bosonic propagators reduce to fermionic ones. The approach is bottom
up and leads to a precise general formulation for how the counterpart of YM action emerges from
Dirac action coupled to gauge bosons and to modified Feynman rules. An essential element of
the approach is a physical formulation for UV cutoff. Actually cutoff in both mass squared and
hyperbolic angle is needed since Wick rotation does not make sense in TGD framework. The UV
cutoff for the hyperbolic angle as a function of p-adic length scale is somewhat ad hoc element of
the model and a quantitative model for how this function could follow from the requirement of
quantum criticality is formulated and discussed.

2.1 Quantitative realization of UV finiteness in terms of p-adic length
scale hypothesis and finite measurement resolution

p-Adic fractality suggests an elegant realization of the notion of finite measurement resolution
implying the finiteness of the ordinary Feynman integrals automatically but predicting divergences
for light-like loop momenta.

2.1.1 Integration measure for loop integrals and cutoff

I have considered several options for the realization of the UV cutoff but one can argue that CP2

scale or equivalently, 2-adic length scale L2 defines the natural maximal UV cutoff in quantum
TGD and corresponds to the maximal measurement resolution for momentum.

1. The cutoffs will be posed on both mass squared and hyperbolic angle. This conforms with
the p-adic length scale hypothesis emerging from p-adic mass calculations and with the
geometry of CDs. p-Adic length scales come as Lp ∝

√
p, p ' 2k rather than Lp ∝ p

as the proportionality T (p) = pT (CP2) of the temporal distance between tips of the CD
combined with Uncertainty Principle would suggest. The reason is that light-like randomness
of partonic 3-surfaces means Brownian motion so that Lp ∝

√
T (p) and Mp ∝ 1/

√
T (p)

follows. To avoid confusions note that for the conventions that I have used T (p) corresponds
to the secondary p-adic length scale Tp,2 =

√
pTp. For electron T (p) corresponds to .1

seconds.

2. Loops involve basically integrals of form

∫
d4kk−2n , n = 1, 2, ... (2.1)

It is far from obvious whether the usual definition based on Wick rotation of the Euclidian
variant of the integral makes sense in the recent case. The definition based on Wick rotation
would eliminate the divergence in the hyperbolic angle leave only a cutoff in k2 ≥ 0 and
give quadratic resp. logarithmic divergences for n = 1 resp. n = 2. This prescription is not
favored by the picture suggested by the geometry CDs.

3. The most natural integration measure is just the standard M4 volume element d4k. By
introducing coordinates (m0, rM ) = (εacosh(η), asinh(η)) inside future (ε = 1) and past
(ε = −1) light-cones and (m0, rM ) = (asinh(η), acosh(η)) in their complement, one can
write the M4 integration measure as

d4k = k3dk × sinh2(η)dηdΩ , k2 = kµkµ (2.2)

inside future and past light-cones and

d4k = k3dk × cosh2(η)dηdΩ (2.3)

in the complement of future and past light-cones. The integration range for k is (0,∞) in
absence of cutoff.
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4. The integral in the time like region involves integration over both signs of k0. By replacing
the integrand with the sum of integrand and its time reversal the integral can be restricted to
the future light-cone. It should be noticed that the integrals given mass term to the bosonic
propagator do not vanish unless the cutoffs for hyperbolic angle η in space-like and time-like
regions are related in a specific manner. The reason is that sinh2(η) in time-like region is
replaced with cosh2(η) space-like region.

5. The geometry of CDs requires IR and UV cutoffs in both mass squared and hyperbolic angle.
The simplest cutoffs that one an imagine are given by

p−1/2
max ≤

m

m(CP2)
≤ p−1/2

min , 0 ≤ |sinh(η)| ≤ |sinh(ηmax)| .

(2.4)

The primes pmax and pmin correspond to IR and UV cutoffs and pmin ≥ 2 holds true naturally
in QFT limit since stringy excitations having mass scale given by CP2 mass are not included.
This means that all loop integrals are finite. The justification for the presence of cutoff in
|sinh(η)| comes either from the requirement that the Lorentz transformed sub-CDs to which
the fermion loop can be associated remain inside CD within the the time resolution used
(depending on the p-adic length scale characterizing the sub-CD) or by the condition that
the decomposition of the gauge boson to a pair of fermion and anti-fermion at opposite
wormhole throats restricts the range of the virtual momenta to momenta almost at rest in
the rest system of boson. The precise form of the hyperbolic cutoff is far from obvious and
it turns out that the cutoff in hyperbolic angle must be assumed to depend on p-adic length
scale.

6. The worst integrals in the asymptotic region identified as a p-adic length scale range char-
acterized by prime pair (pmin, pmax) are for the naivest cutoff of form

∫
1
k2 d

4k = 4π(It,2It − Is,2Is) ,
∫

1
k4 d

4k = 4π(It,0It + Is,0Is) ,

It,2 =
∫ kmax,t

0
kdk =

k2max,t

2 , Is,2 =
∫ kmax,s

0
kdk =

k2max,s

2 ,

It,0 =
∫ kmax,t

0
dk
k = log(

kmax,t

kmin,t
) , Is,0 =

∫ kmax,s

0
dk
k = log(

kmax,s

kmin,s
) ,

It = 4
∫ ηmax,t

0
sinh2(η)dη = sinh(2ηmax,t)− 2ηmax,t ,

Is = 2
∫ ηmax,s

0
cosh2(η)dη = 1

2sinh(2ηmax,s) + ηmax,s .

(2.5)

The mere finiteness of these integrals requires a cutoff in hyperbolic angle besides that for
mass squared.

7. For a general Feynman graph with I internal lines and L loops and involving only fermions
one obtains the UV behavior

µ4L−I

in absence of cancelations and using Wick rotation to define the loop integrals. This differs
from the behavior for Minkowskian integrals. Only fermionic loops with single loop and
n ≥ 2 boson vertices in the loop appear in the the TGD variant of gauge theory involving
only Dirac action coupled to gauge bosons and this gives µ4−n behavior formally for bosonic
n-vertex.
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2.1.2 FF self energy loop for gauge boson

It is instructive to calculate the FF self energy loop for gauge boson propagator using standard
Feynman rules.

1. In the section about calculation of the gauge boson propagator it is shown that after taking
the trace over the product of gamma matrices the scalar factor of the loop integral multiplying
the projector to physical polarization degrees of freedom can be written as

X = 2

∫
d4k

1

k2(p+ k)2
× (3p · k +

(p · k)2

p2
+ k2) . (2.6)

2. If Wick rotation is used to define loop integrals mass squared term is generated. Minkowskian
integration measure is however the only sensible choice. In this case one must introduce a
cutoff in both mass squared and hyperbolic angle characterizing virtual fermion momentum
estimated in the rest system of virtual gauge boson. p-Adic length scale hypothesis fixes the
UV and IR cutoffs for mass to be p-adic mass scales and it is natural to divide the integration
range to p-adic half octaves. In hyperbolic angle the form of the cutoff is not obvious and will
be discussed later. Hyperbolic cutoff is expected to depend on the p-adic mass scale. Also
in this case mass term is generated unless there is a precise relationship between hyperbolic
cutoff in time-like and space-like regions.

3. Why the mass term of the propagator does not vanish automatically is due to the fact that
the integration measures for space-like and time-like loop momenta have different dependence
on the hyperbolic angle η. In the section about calculation of gauge boson propagator it is
found that time-like and space-like contributions cancel if the time-like and space-like cutoffs
for the hyperbolic angle are related by

−sinh(2ηmax,s) +
1

8
sinh(4ηmax,s)−

5

2
ηmax,s = −2sinh(2ηmax,t)−

1

4
sinh(4ηmax,t) + 5ηmax,t .(2.7)

For small values of η this gives

ηmax,s =
4

3
η3
max,t . (2.8)

The expressions for the non-vanishing contributions at this limit read as

X = Xt +Xs ,
Xt = 4π

∫ ηmax,t

0
dη × sinh2(η)it , it = −12log(2)cosh2(η) ,

Xs = 4π
∫ ηmax,s

0
dη × cosh2(η)js , js = log(2)

2 (2cosh2(η)− 1)(1− sinh2(η)) .

(2.9)

The values of the integrals are

Xt = − 3πlog(2)
4 [sinh(4ηmax,t)− 4ηmax,t] ' −8πlog(2)η3

t,max ,

Xs = πlog(2)
2 ×

[
1
4sinh(4ηmax,s) + sinh(2ηmax,s) + ηmax,s − 1

6sinh
3(2ηmax,s)

]
' 2πlog(2)ηmax,s ' 8πlog(2)

3 η3
max,t .

(2.10)

For small values of ηmax,t both contributions behave as η3
max,t and are of opposite sign.

Time-like contribution has three times larger magnitude than space-like contribution at this
limit.



2.1 Quantitative realization of UV finiteness in terms of p-adic length scale
hypothesis and finite measurement resolution 11

4. The normalization factor for the inverse of the propagator equals to X multiplied by the sum
of charges squared for fermions coupling to the gauge boson. If the cutoff in the hyperbolic
angle depends on p-adic length scale, one obtains

(
1

GB
)µν = i

[
p2gµν − pµpν

]
×
kmax∑
k=1

X(k) .

(2.11)

Here
∑
iQ

2
i represents sum over squares of charges of fermions coupling to the gauge boson.

k = 1, ...kmax labels the p-adic mass mass scales. Electron corresponds to k = 127. The con-
dition X = 1

4παem(127) poses a strong condition on the parameters of the model of hyperbolic

cutoff ηmax,t(k) = f(k).

5. There is consistency with gauge invariance if the contraction of the propagator with pµ

vanishes. This is true if the hyperbolic cutoffs in time-like and space-like region satisfy the
proposed relationship. The result is very similar to what one would expect in quantum field
theory so that the finite measurement resolution would not mean any dramatic effect on the
propagator. The limit pmin = 2 would correspond to a maximal UV cutoff defined by the
CP2 mass scale.

The conclusion is that the definition of loop integrals as Euclidian integrals would lead to a
catastrophe via the generation of gauge boson mass proportional to the cutoff mass whereas the
Minkowskian definition with the notion of cutoff motivated by p-adic length scale hypothesis and
hierarchy of CDs keeps gauge bosons massless if space-like and time-like hyperbolic cutoff are in
a precise relationship and the only contribution to mass comes from mass terms in the fermionic
propagators.

2.1.3 Could bosonic propagators emerge?

The following argument suggests that emergent bosonic propagation is a mathematically consistent
notion and conforms with the special features of quantum TGD.

1. In basic quantum TGD modified Dirac equation containing induced spinor connection as
induced gauge boson field defines the theory and the exponent of Kähler action emerges as
Dirac determinant. The natural guess is that this structure is preserved in the sense that
Feynman diagrammatics is defined by Dirac action coupled to gauge potentials but containing
no kinetic term for gauge potentials with kinetic terms emerging from the fermionic loops
and the values of gauge couplings following as predictions of the formalism.

2. One can try to formulate this idea in terms of path integral formalism. Couple gauge bosonic
field A resp. Grassmann valued fermion fields Ψ to external currents j resp. Grassmann
valued external currents ξ and calculate the functional Fourier transform defined by the path
integral

Z(j, ξ, ξ) = exp(Gc(j, ξ, ξ)) ≡
∫
exp

[
iS(A,Ψ,Ψ)− i

∫
(jA+ ξΨ + Ψξ)

]
DADΨDΨ .

(2.12)

Here Gc is the generating functional of connected Green’s functions defined as a functional
integral of Dirac action coupled to gauge potentials over Ψ and A. The functional derivatives
of the effective action with respect to the ξ, ξ and j at (j = 0, ξ = 0, ξ = 0) give the connected
N-point functions.

One can also perform Legendre transform
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iΓ(A,Ψ,Ψ) = Gc(j, ξ, ξ)− i
∫ [

jA+ Ψξ +

∫
ξΨ

]
,

A = −i δ
δj
Gc , Ψ = −i δ

δξ
Gc , Ψ = i

δ

δξ
Gc .

(2.13)

to obtain the effective action Γ.

3. Gc can be calculated in two steps.

(a) At the first step one divides the Dirac action in presence of gauge field to free part and
interaction term

exp(iS(Ψ,Ψ, A) = exp

[
iΨγµ partialµΨ + i

∫
ΨγµAµΨ

]
. (2.14)

Gauge couplings have been included to gauge potentials since there is no manner to
separate them uniquely in absence of the kinetic term. The path integral can be carried
out perturbatively by using the general formula

exp(Sc(A, ξ, ξ)) = exp

[
i

∫
δ

δξ
γ ·A δ

δξ

]
× exp

[
iξGF ξ

]
.

(2.15)

and Wick’s reduction formulas. GF fermionic Feynman propagator. This functional
power series gives what can be regarded as a generating functional Sc(A, ξ, ξ) for con-
nected Green’s functions of spinor fields in the presence of external gauge fields or the
analog of YM action induced by the presence of external spinor fields.

(b) At the next step one can calculate the full generating functional Gc(j, ξ, ξ) for connected
Green’s functions using again the general reduction formulas by decomposing Sc(A, ξ, ξ)
to a free part S0(A) analogous to the linear part of YM action and interacting part
Sint(A, ξ, ξ)

Sc(A, ξ, ξ) = S0(A) + Sint(A, ξ, ξ) . (2.16)

S0 defines the bosonic kinetic term which is of correct form by the preceding observa-
tions. The interaction terms for A, ξ, and ξ are included in Sint. Since the original
system is gauge invariant also the effective action must be gauge invariant and should
reduce to Yang-Mills action in the lowest orders. Perturbation theory is therefore pos-
sible and one can perform the path integral over A using the induced propagators and
vertices. At this step fields ξ are in the role of non-dynamical external fields just as
A was at the first step and all propagators are bosonic. From the resulting ”partition
function” Z one can generate connected N-point functions as functional derivatives with
respect to the sources.

(c) It seems that the proposed description avoids the most obvious divergences. In par-
ticular, the tadpole term from AµΨ(x)γµΨ(x) proportional to the fermion propagator
DF (x, x) proportional to an integral of form

∫
d4kkµ/k2 and thus vanishing.

(d) The bosonic kinetic term would be proportional to the over all gauge coupling g2 if one
expresses gauge potential in the form gA. This decomposition is however not natural in
TGD since the induced spinor connection corresponds to gA with no explicit value of g
being specified. In the case of simplest tree diagram describing 2→ 2 fermion scattering
that the g2 coming from the ends of the boson line is canceled by the 1/g2 coming from
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the bosonic propagator so that the predictions of the theory do not depend on the value
of g in the lowest order. This looks strange but would conform with the absence of
bosonic kinetic term in the primary action making it impossible to identify the value
of g in standard manner. One can however say that the numerical coefficient given by
the fermionic loop integrals defining the bosonic propagator predicts the values of gauge
couplings g through the comparison of their values with the prediction of standard gauge
theory for say 2→ 2 scattering. This picture would conform with the vision that TGD
predicts all gauge couplings. Maybe the emergence of gauge boson propagators and
vertices could be seen as one aspect of quantum criticality.

These arguments suggest that the notion of emergent gauge boson propagation makes sense
mathematically and is favored also by the general structure of quantum TGD. Of course, the best
strategy is the attempt to debunk the notion once and for all. Consistency with p-adic mass
calculations might provide the needed killer argument.

1. The resulting bosonic mass squared would be in the lowest order sum over products of
masses of fermion pairs coupling to the boson. It is far from clear whether this prediction is
quantitatively consistent with the predictions of the p-adic mass calculations. This possibility
is not of course excluded: boson mass squared is quadratic in fermion masses coupling to the
boson and the p-adic primes associated with the fermions are naturally those associated with
the boson rather than free fermions so that at least the mass scale comes out correctly. This
picture conforms also qualitatively with the fact that mass squared is identified as conformal
weight and the eigenvalue of modified Dirac operator related closely to the ground state
contribution to the mass can be regarded as complex squares root of conformal weight.

2. Note that even photon is predicted to be massive unless the fermion and anti-fermion asso-
ciated with photon and other massless particles are massless or in so low p-adic temperature
that the thermal mass is negligible. Also the p-adic prime associated with massless bosons
could be so large that the mass is small.

3. Boson masses are of course emergent in the sense that they are determined by the masses of
the fermion and anti-fermion, which they consist of. The question is whether the emergence
of masses takes place via loops rather than p-adic mass calculations in the proposed sense and
whether these pictures are equivalent. That loops could provide the fundamental description
for boson masses is suggested by the asymmetry between bosons and fermions in the recent
form of p-adic mass calculations. The p-adic temperature for bosons must be Tp ≤ 1/2
whereas Tp = 1 holds true for fermions, and for fermions the analog of Higgs contribution is
negligible whereas for gauge bosons it dominates.

4. It could be also possible to code p-adic thermodynamics into the Feynman diagrammatics in
a more refined manner so that loops would give only corrections to the masses obtained from
p-adic mass calculations. Instead of simply feeding in the results of p-adic mass calculations
as mass parameters of the fermionic propagators, one could replace S-matrix with M-matrix
involving the square root of density matrix describing the real counterpart of the partition
function characterizing p-adic thermodynamics. Zero energy state would represent a square
root of thermodynamical ensemble involving massless ground states and their conformal
excitations rather than only ground states with thermal masses.

2.1.4 Basic variational principle and the emergence of the fermionic and bosonic
propagators at fundamental level

In the following the most recent view about Kähler action and the modified Dirac action (Kähler-
Dirac action) is explained in more detail.

1. The minimal formulation involves in the bosonic case only 4-D Kähler action with Chern-
Simons boundary term localized to partonic orbits at which the signature of the induced
metric changes. The coefficient of Chern-Simons term is chosen so that this contribution to
bosonic action cancels the Chern-Simons term coming from Kähler action (by weak form of
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electric-magnetic duality) so that for preferred extremals Kähler action reduces to Chern-
Simons terms at the ends of space-time surface at boundaries of causal diamond (CD).

There are constraint terms expressing weak form of electric-magnetic duality and constraints
forcing the total quantal charges for Kähler-Dirac action in Cartan algebra to be identical
with total classical charges for Kähler action. This realizes quantum classical correspondence.
The constraints do not affect quantum fluctuating degrees of freedom if classical charges
parametrize zero modes so that the localization to a quantum superposition of space-time
surfaces with same classical charges is possible.

2. By supersymmetry requirement the modified Dirac action corresponding to the bosonic action
is obtained by associating to the various pieces in the bosonic action canonical momentum
densities and contracting them with imbedding space gamma matrices to obtain modified
gamma matrices. This gives rise to Kähler-Dirac equation in the interior of space-time
surface. At partonic orbits one only assumes that spinors are generalized eigen modes of
Chern-Simons Dirac operator with generalized eigenvalues pkγk identified as virtual four-
momenta so that C-S-D term gives fermionic propagators. At the ends of space-time surface
one obtains boundary conditions stating in absence of measurement interaction terms that
fundamental fermions are massless on-mass-shell states.

1. Lagrange multiplier terms in Kähler action

Weak form of E-M duality can be realized by adding to Kähler action 3-D constraint terms
realized in terms of Lagrange multipliers. These contribute to the Chern-Simons Dirac action too
by modifying the definition of the modified gamma matrices.

Quantum classical correspondence (QCC) is the principle motivating further additional terms
in Kähler action.

1. QCC suggests a correlation between 4-D geometry of space-time sheet and quantum numbers.
This could result if the classical charges in Cartan algebra are identical with the quantal ones
assignable to Kähler-Dirac action. This would give very powerful constraint on the allowed
space-time sheets in the superposition of space-time sheets defining WCW spinor field. An
even strong condition would be that classical correlation functions are equal to quantal ones.

2. The equality of quantal and classical Cartan charges could be realized by adding constraint
terms realized using Lagrange multipliers at the space-like ends of space-time surface at the
boundaries of CD. This procedure would be very much like the thermodynamical procedure
used to fix the average energy or particle number of the the system using Lagrange multipliers
identified as temperature or chemical potential. Since quantum TGD can be regarded as
square root of thermodynamics in zero energy ontology (ZEO), the procedure looks logically
sound.

3. The consistency with Kähler-Dirac equation for which Chern-Simons boundary term at par-
ton orbits (not genuine boundaries) seems necessary suggests that also Kähler action has
Chern-Simons term as a boundary term at partonic orbits. Kähler action would thus reduce
to contributions from the space-like ends of the space-time surface if j ·A = 0 condition holds
true as it does for preferred extremals. Note that weak form of electric magnetic duality is
not absolutely necessary at space-like ends of the space-time surface but is favored by almost
topological QFT property.

2. Boundary terms for Kähler-Dirac action

Weak form of E-M duality implies the reduction of Kähler action to Chern-Simons terms for
preferred extremals satisfying j ·A = 0 (contraction of Kähler current and Kähler gauge potential
vanishes). One obtains Chern-Simons terms at space-like 3-surfaces at the ends of space-time
surface at boundaries of causal diamond and at light-like 3-surfaces defined by parton orbits having
vanishing determinant of induced 4-metric. The naive guess that consistency requires Kähler-Dirac-
Chern Simons equation at partonic orbits. This need not however be correct and therefore it is
best to carefully consider what one wants.
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a) What one wants?

It is could to make first clear what one really wants.

1. What one wants is generalized Feynman diagrams demanding massless Dirac propagators at
the boundaries of string world sheets interpreted as fermionic lines of generalized Feynman
diagrams. This gives hopes that twistor Grassmannian approach emerges at QFT limit. This
boils down to the condition

√
g4ΓnΨ = pkγkΨ = 0

at the space-like ends of space-time surface. The general idea is that the space-time geometry
near the fermion line would define the on mass shell massless four-momentum propagating
along the line and quantum classical correspondence would be realized.

The basic condition is thus that
√
g4Γn is constant at the space-like boundaries of string world

sheets and depends only on the piece of this boundary representing fermion line rather than
on its point. Otherwise the propagator does not exist as a global notion. Constancy allows
to write

√
g4ΓnΨ = pkγkΨ since only M4 gamma matrices are constant. It is important

to notice that Γn brings in the dependence on metric and breaks exact topological QFT
property as do also the constraint terms realizing weak form of electric magnetic duality.

Partonic orbits are not boundaries in the usual sense of the word and this condition is not
elegant at them since g4 vanishes at them. The assignment of Chern-Simons Dirac action
to partonic orbits required to be continuous at them solves the problems. One can require
that the induced spinors are generalized eigenstates of C-S-D operator with eigenvalues with
correspond to virtual four-moment. This guarantees that one obtains massless Dirac propa-
gator from C-S-D action. Note that the localization of induced spinor fields to string world
sheets implies that fermionic propagation takes place along their boundaries and one obtains
the braid picture.

2. If pk associated with the partonic orbit is light-like one can assume massless Dirac equation
and restriction of the induced spinor field inside the Euclidian regions defining the line of
generalized Feynman diagram since the fermion current in the normal direction vanishes.
The interpretation would be as on mass-shell massless fermion. If pk is not light-like, this
is not possible and induced spinor field is delocalized outside the Euclidian portions of the
line of generalized Feynman diagram: interactions would be basically due to the dispersion
of induced spinor fields to Minkowskian regions. The interpretation would be as a virtual
particle. The challenge is to find whether this interpretation makes sense and whether it
is possible to articulate this idea mathematically. The alternative assumption is that also
virtual particles can localized inside Euclidian regions.

3. One can wonder what the spectrum of pk could be. If the identification of pk as virtual
momentum is correct, continuous mass spectrum suggests itself. Boundary conditions at
the ends of CD might imply quantized mass spectrum and the study of C-S-D equation
indeed suggets this if periodic boundary conditions are assumed. For the incoming lines of
generalized Feynman diagram one expects light-like momenta so that Γn should be light-like.
This assumption is consistent with super-conformal invariance since physical states would
correspond to bound states of massless fermions, whose four-momenta need not be parallel.
Stringy mass spectrum would be outcome of super-conformal invariance and 2-sheetedness
forced by boundary conditions for Kähler action would be essential for massivation.

b) Chern-Simons Dirac action from mathematical consistency

A further natural condition is that the possible boundary term is well-defined. At partonic
orbits the boundary term of Kähler-Dirac action need not be well-defined since

√
g4Γn becomes

singular. This leaves only Chern-Simons Dirac action

ΨΓαC−SDαΨ
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under consideration at both sides of the partonic orbits and one can consider continuity of C-S-D
action as the boundary condition. Here ΓαC−S denotes the C-S-D gamma matrix, which does not
depend on the induced metric and is non-vanishing and well-defined. This picture conforms also
with the view about TGD as almost topological QFT.

One could restrict Chern-Simons-Dirac action to partonic orbits since they are special in the
sense that they are not genuine boundaries. Also Kähler action would naturally contain Chern-
Simons term.

One can require that the action of Chern-Simons Dirac operator is equal to multiplication with
ipkγk so that massless Dirac propagator is the outcome. Since Chern-Simons term involves only
CP2 gamma matrices this would define the analog of Dirac equation at the level of imbedding space.
I have proposed this equation already earlier and introduction this it as generalized eigenvalue
equation having pseudomomenta pk as its solutions.

If C-S-D and C-S terms are assigned also with the space-like ends of space-time surface, Kähler
action and Kähler function vanish identically if the weak form of em duality holds true. Hence
C-S-D and C-S terms can be assigned only with partonic orbits. If space-like ends of space-time
surface involve no Chern-Simons term, one obtains the boundary condition

√
g4ΓnΨ = 0 (2.17)

at them. Ψ would behave like massless mode locally. The condition
√
g4ΓnΨ = −γkpkΨ = 0 would

state that incoming fermion is massless mode globally. The physical interpretation would be as
incoming massless fermions.

3. Constraint terms at space-like ends of space-time surface

There are constraint terms coming from the condition that weak form of electric-magnetic
duality holds true and also from the condition that classical charges for space-time sheets in the
superposition are identical with quantal charges which are net fermionic charges assignable to the
strings.

These terms give additional contribution to the algebraic equation ΓnΨ = 0 making in partial
differential equation reducing to ordinary differential equation if induced spinor fields are local-
ized at 2-D surfaces. These terms vanish if Ψ is covariantly constant along the boundary of the
string world sheet so that fundamental fermions remain massless. By 1-dimensionality covariant
constancy can be always achieved.

2.2 A more detailed summary of Feynman diagrammatics

The resulting Feynman diagrammatics deserves some more detailed comments.

1. Consider first the exponent of the action exp(iSc) resulting in fermionic path integral if Dirac
determinant equals to the exponent of Kähler action reducing to Chern-Simons terms at the
space-like ends of space-time surface at boundaries of CD. The exponent

exp[i

∫
dx4d4yξ(x)GF (x− y)ξ(y)] = exp[i

∫
d4kξ(−k)GF (k)ξ(k)]

is combinatorially equivalent with the sum over n-point functions of a theory representing
free fermions constructed using Wick’s rules that is by connecting n Grassmann spinors and
their conjugates in all possible ways by the fermion propagator GF .

2. The action of

exp

[
i

∫
d4x

δ

δξ(x)
γ ·A(x)

δ

δξ(x)

]
= exp

[
i

∫
d4kd4k1

δ

δξ(k − k1)
γ ·A(−k)

δ

δξ(k1)

]
on diagrams consisting of n free fermion lines gives sum over all diagrams obtained by con-
necting fermion and anti-fermion ends of two fermion lines and inserting to the resulting
vertex A(−k) such that momentum is conserved. This gives sum over all closed and open
fermion lines containing n ≥ 2 boson insertions. The diagram with single gauge boson
insertion gives a term proportional to Aµ(k = 0) ·

∫
d4kkµk−2, which vanishes.
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3. Sc as obtained in the fermionic path integral is the generating functional for connected many-
fermion diagrams in an external gauge boson field and represented as sum over diagrams in
which one has either closed fermion loop or open fermion line with n ≥ 2 bosons attached to it.
The two parts of Sc have interpretation as the counterparts of YM action for gauge bosons
and Dirac action for fermions involving arbitrary high gauge invariant n-boson couplings
besides the standard coupling. An expansion in powers of γµDµ is suggestive. Arbitrary
number of gauge bosons can appear in the bosonic vertices defined by the closed fermion
loops and gauge invariance must pose strong constraints on the bosonic part of the action if
expressible in terms of bosonic gauge invariants. The closed fermion loop with n = 2 gauge
boson insertions defines the bosonic kinetic term and bosonic propagator. The sign of the
kinetic terms comes out correctly thanks to the minus sign assigned to the fermion loop.

4. Feynman diagrammatics is constructed for Sc using standard Feynman rules. In ordinary
YM theory ghosts are needed for gauge fixing and this seems to be the case also now.

5. One can consider also the presence of Higgs bosons. Also the Higgs propagator would be gen-
erated radiatively and would be massless for massless fermions as the study of the fermionic
self energy diagram shows. Higgs would be necessary CP2 vector in M4 × CP2 picture and
E4 vector in M8 = M4×E4 picture. It is not clear whether one can describe Higgs simply as
an M4 scalar. Note that TGD allows in principle Higgs boson but - according to the recent
view - it does not play a role in particle massivation.

2.2.1 Some differences from standard Feynman diagrammatics

The diagrammatics differs from the Feynman diagrammatics of standard gauge theories in some
respects.

1. 1-P irreducible self energy insertions involve always at least one gauge boson line since the
simplest fermionic loop has become the inverse of the bosonic propagator. Fermionic self
energy loops in gauge theories tends to spoil asymptotic freedom in gauge theories. In
the recent case the lowest order self-energy corrections to the propagators of non-abelian
gauge bosons correspond to bosonic loops since fermionic loops define propagators. Hence
asymptotic freedom is suggestive.

2. The only fundamental vertex is AFF vertex. As already found, there seems no point in
attaching to the vertex an explicit gauge coupling constant g. If this is however done n-
boson vertices defined by loops are proportional to gn. In gauge theories n-boson vertices are
proportional to gn−2 so that a formal consistency with the gauge theory picture is achieved
for g = 1. In each internal boson line the g2 factor coming from the ends of the bosonic
propagator line is canceled by the g−2 factor associated with the bosonic propagator. In
S-matrix the division of the bosonic propagator from the external boson lines implies gn

proportionality of an n-point function involving n gauge bosons. This means asymmetry
between fermions and bosons unless one has g = 1. g = 1 above means g =

√
~0. Since

fermionic propagator is proportional to ~0
0 and since loop integral involves the factor 1/~0,

the dimensions of bosonic propagator and radiatively generated vertices come out correctly.
The counterparts of gauge coupling constants could be identified from the amplitudes for
2-fermion scattering by comparison with the predictions of standard gauge theories. The
small value of effective gauge coupling g obtained in this manner would correspond to a large
deviation of the normalization factor of the radiatively generated boson propagator from its
standard value.

3. Furry’s theorem holding true for Abelian gauge theories implies that all closed loops with an
odd number of Abelian gauge boson insertions vanish. This conforms with the expectation
that 3-vertices involving Abelian gauge bosons must vanish by gauge invariance. In the non-
abelian case Furry’s theorem does not hold true so that non-Abelian 3-boson vertices are
obtained.
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2.2.2 Is it possible to understand the value of fine structure constant?

The basic test for the theory is whether it can predict correctly the value of fine structure constant
for reasonable choice of the UV and IR cutoffs. In the first approximation one can assume that
photons has only U(1) couplings to fermions so that the fermion-fermion scattering amplitude at
electron’s p-adic length scale is determined by the photon propagator alone.

The expansion in powers of p2 − 2p · k gives at the limit p2 = 0 the following estimate for
the normalization factor of the inverse of the Abelian gauge boson propagator using 2-adic scale
pmin = 2 as UV cutoff.

(
1

GB
)µν = i

[
p2gµν − pµpν

]
×X ,

X =
∑
k

[
2Gt(ηmax,t(k)) +Gs(ηmax,s(k))

]
× log(2)× 2π

∑
i

Q2
i ,

Gt(η) = −1

4
η +

1

4
sinh(2η) +

1

16
sinh(4η) ,

Gs(η) = +
1

4
η +

1

4
sinh(2η)− 1

16
sinh(4η) .

(2.18)

Here
∑
iQ

2
i represents sum over squares of charges of fermions coupling to the gauge boson. For

three lepton and quark generations one would have
∑2
Qi

= 16. Here the same hyperbolic cutoff is
assumed for both time-like and space-like momenta. The basic ad hoc element of the model is the
choice of the cutoff in hyperbolic angle η and one can consider several trials.

The basic a hoc element is the physical interpretation and precise form of the hyperbolic cutoff.

1. The realization of the cutoff for the mass of the virtual particle in terms of p-adic mass scale

m ≤ m(CP2)/
√
p is on a strong basis. The ad hoc assumption is the form |sinh(η)| ≤ p−1/2

min

for the cutoff in the hyperbolic angle. The cutoff means that the allowed range of 3-momenta
for time-like momenta and of energies for time-like momenta of off mass shell particle is
rather narrow for a given mass. What is clear is that any extension of the allowed phase
space increases the value of X and requires larger pmin for this form of cutoff.

2. The narrow cutoff in the fermionic loop momenta could be interpreted physically in terms of
the fermion-anti-fermion bound state character of bosons restricting the range of the virtual
momenta of the fermion and anti-fermion to a very narrow range in the rest system of the
boson. This is natural if fermion and anti-fermion reside at the opposite throats of the
wormhole contact. In the case of virtual bosons radiated by leptons this restriction would
not apply.

3. There is also second interpretation for the narrow cutoff. The rest system of sub-CD in
which the fermionic loop is calculated is assumed to be the rest system of the virtual particle.
Otherwise one would obtain a breaking of Lorentz invariance. This requirement could provide
an alternative justification for the cutoff in cosh(η) since for too large values of η identified
as the hyperbolic angle assignable to the lower tip of sub-CD the Lorentz transform of the
time coordinate T (p) = pT (CP2) of the upper tip of sub-CD is T = cosh(η)× pT (CP2), and
could be so large that the upper tip belongs outside CD.

1. First trial
’

The first cutoff that comes in mind would be given by constant hyperbolic cutoff sinh(ηmax(k)) =
a/
√
pmin and thus would depend on the UV cutoff length scale only. This cutoff would pre-

dict logarithmic dependence of form 1/αem = log(kmax/kmin) on IR cutoff kmax and predict
αem(127)/αem(89) = log(127/89) ' .3556 to be compared with the experimental value of about
128/137 so that the coupling constant evolution would be too fast.

2. Second trial
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The first cutoff predicts too fast coupling constant evolution. Second cutoff can be seen repre-
senting another extreme.

1. For the cutoff of form

cosh(ηmax(k)) ≤ 1 + a× 2−k (2.19)

the maximal variation of the temporal distance between the tips of the Lorentz transformed
CD is in good approximation ∆T = (cosh(ηmax(k) − 1)T (k) ' aT (CP2). For a < 2 ∆T
is below the optimal time resolution defined by the 2-adic time scale 2T (CP2) everywhere
inside CD. Number theoretical universality favors simple rationals as values of a. The only
p-adically problematic feature is the appearance of log(2) factor in the integral. In the case
of electron length scale the sum is from kmin = 1 to kmax = 127. The sums are expressible
in terms of geometric series for powers of 2−nk, n = 1, ..., 5 and can be carried out explicitly.
The fatal problem of this option is that coupling constant evolution with respect to IR cutoff
is trivial expect immediately above the cutoff length scale.

3. Third trial

The basic criticism against the second trial is the approximate RG invariance only few octaves
above UV cutoff due to the exponential decrease of loop corrections as a function p-adic length
scale. Since the cutoff in hyperbolic angle is introduced in ad hoc manner one can ask whether
one could fix the form of UV cutoff as a function of p-adic length scale by requiring the typical
logarithmic evolution of fine structure constant in all length scales.

1. The cutoff in hyperbolic angle allowing to achieve this should depend on the logarithm of
the p-adic length scale and in the simplest situation of the form

|sinh(η) ≤ a× k−b , (2.20)

where the proper time distance between the tips of CD is given by T = 2kT (CP2). Note
that the condition is equivalent with |sinh(η)| ≤

√
aba/2. b = 1/3 is favored as the Table

1 below shows. This is perhaps not too surprising since it implies that the contribution of
p-adic length scale p ' 2k to X is proportional to 1/log(p) since the contribution in good
approximation scales as η3

t,max(k). The condition would state that the time scale resolution

is roughly aT (2, k)/2kb in the time scale defined by k so that Lorentz boosts increasing the
time difference is measured in rest system with at most this amount are allowed even if they
lead out from the CD containing the sub-CD in question. Physically this resolution looks
reasonable since it is smaller than p-adic time scale but of same order of magnitude. For
prime values of k one could interpret the k−b proportionality as dependence on the p-adic
length scale Lk =

√
kT (CP2) characterizing the size of the wormhole throats associated with

the gauge boson.

2. The basic constraints on the parameters come from the assumption that the evolution of the
fine structure constant is in the first approximation due to the evolution of IR resolution
time scale fixed by kmax. This gives the condition α(127)/α(89) ' 137/128 from which two
constraints between a and b can be deduced. A further consistency constraint is that the
value of the fine structure constant in CP2 length scale is sensible.

3. The evolution of non-Abelian gauge couplings would be essentially due to the bosonic loops
and should induce the increase of these couplings as a function of p-adic length scale since
purely fermionic loops are absent. The dependence of gauge coupling on p2 is predicted
to be non-trivial since the logarithmic factors do not remain effectively constant anymore
so that there are good hopes about a realistic coupling constant evolution. An interesting
implication is the presence of sizeable pole contributions in hyperbolic integrals from points
ε1mkexp

ε2η = p/mk and logarithmic principal values singularities at points exp±θ = p/mk



2.2 A more detailed summary of Feynman diagrammatics 20

(mk = 2−k/2m(CP2)) appearing in the arguments of logarithms. For long p-adic length scales
these singularities correspond rather precisely to p-adic mass scale mk. These contribution
could be interpreted as genuinely p-adic effects.

4. The numerical calculations can be performed in exactly the same manner as for the simplest
model. At p2 = 0 limit b = 1/3 and a = 0.22050469512552 allows to reproduce the value
of fine structure constant at electron length scale (kmax = 127) within the experimental
accuracy and predicts 1/αem(89) = 128.163120743053 at the intermediate boson mass scale
(kmin = 89). In optimistic mood one could see this prediction as an indication that the
model is on the right track. For kmax = 2 the prediction is 1/αem(2) = 38.73463833489691.
As a matter fact, k = 1/3 implies that k:th contribution to X which proportional to η3 in
good approximation is proportional to integer power of log(p), p ' 2k. Therefore analyticity
in with respect to 2-adic logarithm of p-adic length scale could replace the value of the fine
structure constant at the intermediate gauge boson length scale as input.

b a α−1
em(89) α−1

em(2)

1/2 0.18002740466919 135.1862478534053 78.00163838242398
1/4 0.28690612308508 121.5583749750381 22.20718277558686

Φ/2 = (
√

5− 1)/4 0.20889716262974 126.426555831784 33.042736628492
5
16 0.21057652266440 126.686675364275 33.770607770943
1
3 0.22050469512552 128.163120743053 38.271945363874

Table 1. The table gives the values of the inverse of the fine structure constant at intermediate
boson length scale (k = 89) and at UV limit (k = 2) for 5 different values of parameter b charac-
terizing the UV cutoff. The value of a is deduced from the condition that fine structure constant
in electron length scale (k = 127 is reproduced correctly. b = 1/3 produces fine structure constant
at intermediate boson length scale within experimental and theoretical uncertainties.

2.2.3 The predictions for other gauge couplings

One can also look for the predictions for color and electro-weak coupling constants.

1. The loop is proportional to N(Bi) = Tr(Q2
i ). The charge matrices are IiL for W bosons

and I3
L − pQem, p = sin2(θw) for Z0. For the coupling of Kähler gauge potential the charge

matrix is QK = 1 for leptons and QK = 1/3 quarks: it is easy to see that in this case
the normalization factor is same as photon. The traces of non-Abelian charge matrices in
fundamental representations are Tr(T 2

a ) = −1/2 in the standard normalization. For photon
and gluons both right and left handed chiralities contribute and W bosons only left handed.

2. This gives the following expressions for the normalization factors N(Bi)

α(Bi) =
N(γ)

N(Bi)
× αem , (2.21)

(2.22)

with

N(γ) = N(U(1)) = 16 , N(g) = 6 , N(W ) = 6 , N(Z) = 6− 12p+ 13p2 .

(2.23)

The values of the gauge couplings strengths are given by

α(g) = 8
3αem , α(W ) = 8

3αem , α(Z) = 16
6−12p+13p2αem .

(2.24)
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Electro-weak couplings are unified only if one has p = 12/13, which differs dramatically from
p = 3/8 obtained by definition the ratio αem/αW , which is also the typical prediction of
GUTs.

3. The table below summarizes the predictions for the bare couplings at p2 = 0 limit for photon
and using k = 2 scale as cutoff for the above described model characterized by the parameter
b in sinh(ηmax,t) = a × k−b with a fixed by the condition that fine structure constant at
electron length scale is reproduced within experimental precision. b = 1/3 predicts smallest
value for αs and 1/αs(2) = 14.5255 is consistent with 1/αs(89) ' 10.

b α−1
em(2) α−1

s (2) α−1
W (2) α−1

Z (2)

1/2 78.0016 28.8792 28.8792 16.0189
1/4 22.2072 8.2537 8.2537 4.5782
Φ/2 33.0427 12.5313 12.5313 7.1049
5/16 33.7706 12.8088 12.8088 7.1049
1/3 38.2719 14.5255 14.5255 8.0571

Table 2. The predictions for the bare gauge coupling strengths at the UV limit k = 2 assuming
M127 as IR cutoff and p = 2 as UV cutoff and using the value of parameter a reproducing the
values of fine structure constant at electron and intermediate boson p-adic mass scale.

2.2.4 Cutoff in the general case

The previous calculations were carried by identifying the UV cutoff as 2-adic length scale. The
calculations can be generalized to an UV cutoff defined by any p-adic length scale with pmin '
2kmin . The Lorentz transforms of sub-CDs must belong inside CD within measurement resolution.
For the third trial one would have

sinh(ηt,max) = a× (k − kmin + 1)−b . (2.25)

The first guess for the values of a and b having are the values for kmin = 1. k ≥ kmin holds of
course true.

The definition of the UV cutoff for vertex corrections involves a delicacy.

1. In the vertex correction for FFB vertex the ends of the virtual boson line in general corre-
spond to fermions with different four-momenta and the hyperbolic angle η must be assigned
to the rest system of either initial or final state fermion. The choice means a selection of the
arrow of geometric time and breaking of T invariance. The requirement of CPT symmetry
is expected to fix the choice.

2. Similar situation is encountered also in basic quantum TGD. In the construction of the
counterpart of stringy diagrammatics the CP breaking instanton variant of Kähler action
contributes to the modified Dirac action a term whose appearance in the vertices makes the
theory non-trivial [K3] . One must decide, which end of the line carries the CP breaking CP
term. CPT invariance is the natural constraint on the choice. The idea about fermions (anti-
fermions) as particles propagating to the geometric future (past) suggests that CP breaking
term is associated with the negative energy fermion (positive energy anti-fermion) at the
future (past) end of the line. CP symmetry is broken since CP takes fermion to anti-fermion
but does not permute the end of the lines. CPT is respected.

3. In the recent case the counterpart of CP and T breaking would be the assignment of the
cutoff to the past (future) end in the case of fermions (anti-fermions). If one assigns the
cutoff in both cases to (say) future end, CPT breaking results. It is important to notice that
the distinction between future and past is always unique in the rest system of the sub-CD.

4. For instance, in N-vertices one must sum over all cyclic permutations with one of the vertices
defining the rest system in which η is measured, which means modification of standard QFT
picture.
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2.2.5 The hierarchy of Planck constants and radiative corrections

TGD predicts a hierarchy of Planck constants and the question concerns the dependence of the
loop corrections on ~. Consider first a naive argument which does not consider the anatomy of the
pages of the book like structure defining the generalized imbedding space.

1. Unless the p-adic cutoff for cosh(η) depends on ~, boson propagator cannot involve ~, and
this is achieved by putting g =

√
~ so that 1/~ factor associated with the loop cancels g2 = ~.

This seems means that loops give no powers of 1/~ as in ordinary quantum field theories. By
checking a sufficient number of diagrams one can get convinced that the ~ dependence of the
diagram depends on the total number of particles involved with the diagram and is given by
the proportionality ~(Nin+Nout)/2−1.

2. This simple dependence of the amplitudes on ~ suggests that it has actually no physical
content. The scaling of the incoming and outgoing wave functions by ~−1/2 and the division
of the amplitude by ~ indeed makes the amplitudes independent of ~. In unitarity conditions
the 1/~ factors from d3k/2E factors assignable to intermediate states correspond to the
~−1/2 factors of the states involved. Therefore QFT limit defined in this manner would
not distinguish between different values of ~ and the difference is seen only at the level of
kinematics (1/~ scaling of the frequencies and wave-vectors for a fixed four-momentum). The
difference would become dynamically visible through the fact that the space-time surfaces
associated with CDs with different values of ~ are not simply scaled up versions of each other.

3. This result is in contrast with the standard QFT expectations about how the amplitudes
should behave as functions of ~. One of the motivations for the hierarchy of Planck constants
was that radiative corrections come in powers of 1/~ so that large values of Planck constant
improves the convergence of the perturbation series in powers of coupling constant strengths.
If coupling constants emerge in the proposed manner, this motivation for large values of
Planck constants is lost.

That Nature would take itself care that perturbation theory works by making a phase transition
increasing ~ and thus reducing the value of the gauge coupling strength is too attractive to be given
up without fighting back. What could go wrong with the above argument is that it did not take
into account the topological structure of the pages of the generalized imbedding space.

1. Recall that the generalized imbedding space has a book like structure with pages defined by
Cartesian products of singular coverings and factor spaces of CD ⊂M4 and CP2 (CD denotes
the causal diamond defined as an intersection of future and past directed light-cones of M4).
The coverings are labeled by an integer characterizing the number of sheets permuted by Zn
symmetry and factor spaces by an integer giving the number of points identified under Zn
symmetry. It is convenient to label them by a single number x having as its values positive
integers and their inverses. Depending on whether a covering or factor space is involved, one
has for M4 xa = na or xa = 1/na and for CP2 xb = nb or xb = 1/nb.

2. The inverse of the gauge boson propagator is by definition proportional to the inverse of
the gauge coupling strength g2/4π~ and therefore can be used to define Planck constant.
The manner how the inverse propagator depends on the numbers xa and xb dictates the
dependence of the Planck constant on these numbers.

3. QFT limit involves projection of all sheets of the covering to single sheet. Therefore one can
argue that the inverse propagator at QFT limit should be proportional to nanb if both M4

and CP2 correspond to coverings. This would reflect the that the kinetic part of bosonic
action is simply a sum over identical terms from all pages of the covering. This would imply
the general formula ~/~0 = xaxb giving α = α0/xaxb. By increasing the number of sheets of
coverings in M4 and CP2 degrees of freedom system would manage to remain in perturbative
phase. The structure of physical states would of course change [K12] .

4. The earlier argument for how the Planck constant depends on na and nb [K5] was based on
different definition of Planck constant and did not lead to quite the same prediction.
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(a) The hypothesis inspired by Schrödinger equation was that the scaling factor of M4

metric at given page of the book is proportional to ~: this implies that Kähler ac-
tion for preferred extremals codes for radiative corrections classically. This assumption
guarantees that quantal length scales are proportional to ~.

(b) This requires that M4 covariant metric scales as x2
a. It was assumed that CP2 metric

scales in the same manner- that is as x2
b but this was just a natural looking extrapolation

from M4 case. The scale invariance of the Kähler action implying that one always re-
scale the overall metric in such a manner that CP2 metric remains unchanged gives
~/~0 = xa/xb to be compared with ~ = xaxb given by the above argument.

(c) If one however assumes that CP2 covariant metric scales as 1/x2
b rather than x2

b , one
obtains ~/~0 = xaxb. This modification is possible and has no implications concerning
the predictions of the theory since there is a complete symmetry under the exchange
covering space ↔ factor space. The only implication is tedious retyping of some basic
formulas.

If the phase transitions changing Planck constant have a QFT type description it must be based
on a 2-vertex proportional to the inverse of the fermionic propagator. If so, the fermionic kinetic
term would be obtained by multiplying Dirac operator with a unitary matrix characterizing the
transition amplitudes between sectors labeled by different values of Planck constant. CKM mixing
would represent a highly analogous situation.

2.2.6 Worrying about coupling constant evolution

Before starting to worry, some general comments about coupling constant evolution are in order.

1. Renormalization group equations can be deduced from the observation that propagators
suffer simple scaling as both UV and IR cutoffs and external momenta of n-vertex are scaled
up by a power of two. Therefore the effect of the scaling of external can be described as the
effect caused by the 2-adic scaling of UV and IR cutoffs.

2. Coupling constant evolution can be seen to emerge in two manners. The variation of IR and
UV resolution scales induces coupling constant evolution. If UV cutoff is fixed to CP2 length
scale coupling constant evolution can be assigned to the IR cutoff having interpretation as
time scale assignable to zero energy state: .1 seconds in case of electron’s p-adic length
scale which also happens to define a fundamental biorhythm. Coupling constant evolution
emerges also from the dependence of the propagators and vertices on the masses of the virtual
particles and in the chapter about calculation of the gauge boson propagator one finds explicit
formulas for the propagator. For massless fermions all bare bosonic propagators are identical
apart from overall scaling factors. In the case of vertex corrections there is dependence on
Lorentz invariants defined by the external momenta and similar universality holds true for
bare vertices. The coupling constants estimated in the previous calculations correspond to
the IR p2 = 0 limit for the virtual massless particles.

3. There are two views about coupling constant evolution. The evolution induced by the de-
pendence of the propagator on the mass or mass scale of the virtual gauge boson and the
evolution induced by the dependence on the IR cutoff for loop momenta. How these views
can be equivalent? The calculation of the propagator as function of mass of virtual gauge
boson carried out in the chapter devoted to the calculation of the gauge boson propagator
answers this question. The integral defining propagator has a pole at loop momentum rep-
resenting same or nearly same p-adic length scale as the scale k0 assignable to p. If IR cutoff
is smaller than the scale of p, the pole induces a large imaginary part to the inverse of the
propagator and thus breaking of unitarity at loop momenta with mass scale below that of
p. Also the sign of the normalization factor of the propagator changes sign due to the large
contributions from the scales k near k0 so that the gauge coupling strength becomes negative
in length scales longer than k0. For instance, for the proposed parameterization of the hy-
perbolic cutoff fine structure constant for loop momenta above electron length scale k0 = 127
would have magnitude roughly two orders smaller than its value at the limit p2 = 0 so that
p2 = 0 limit would have nothing to do with the behavior predicted by QFTs. The effect is



2.2 A more detailed summary of Feynman diagrammatics 24

somewhat analogous to what happens in confinement length scale for αs. The interpretation
is that virtual bosons in p-adic length k0 can couple only to loop momenta, which corre-
spond to shorter p-adic length scales and thus have k ≤ k0. The geometric interpretation in
accordance with the vision about coupling constant evolution is that the states inside given
CD couple only to loop states living inside smaller CDs. The absence of IR divergences is an
obvious implication.

4. For the second trial the proposed cutoff predicts that self energy corrections are essentially
independent of the choice of the IR cutoff under very mild conditions (for pmin = 2 already
pmax = 7 corresponds to asymptotia). Same is true for the vertex corrections. This is not
consistent with the physically attractive interpretation of IR cutoff (size of the largest CD
involved) as the length scale defining the coupling constant evolution. For the third trial
situation is quite satisfactory and there are good hopes that reasonable consistency with
standard model predictions are obtained when bosonic loops are taken into account.

There are many things to worry about. One can start by worrying about the convergence of
the perturbation theory.

1. The disappearance of ~ from the perturbation expansion in terms of loops means formally
g = 1 condition so that all loop corrections are formally of same order of magnitude, and
it might well happen that the expansion does not converge. The contribution to the loop
correction comes from the region of momentum space near the UV cutoff only. In this region
the four-momentum squared associated with the propagator is near its maximal value and
bosonic propagators behave as 1/p2 only near p2 = 0. The expansion in powers of 1/p2 gives
an expression of form X(µ2/p2)p2 for the fermionic self energy loop and the bare propagator
is multiplied by a factor X−1

2 (µ2/p2). In lowest order the loop integral behaves as µ6/p4 at
this limit so that propagators would behave as p4/µ6 near UV cutoff.

2. The same effect would tend to reduce the values of the bosonic vertices identified as fermionic
loops with n external gauge bosons. In this case one one obtains bare vertex containing
in general by a tensor formed from the incoming momenta pµi multiplied by a function
Xn(µ2/pi ·pj), and the powers from propagators emerging from n-vertex tend to compensate
the powers of p from the fermionic propagators and the convergence of the perturbation
theory depends essentially on the limiting values of the factors Xn. For instance, for bosonic
n-vertex one obtains the scaling factor

Xn(µ2/(pi · pj)∏n
i=1X

−1
2 (µ2/p2

i )
.

The convergence of the perturbation series is dictated by the behavior of these ratios at the
limit p2

i → µ2. These ratios should become smaller than unity in UV. The numerical constants
in question would effectively replace gauge coupling strengths as expansion parameters for
the loop corrections in accordance with universality of quantum criticality. For Option b)
The main contribution to the coupling constant evolution would come from deep UV near
the UV cutoff and would be also more or less independent of UV cutoff as long as it is much
higher than incoming momentum scales.

There are also other reasons to worry. Are there hopes that the evolution of coupling constants
as functions of incoming momenta is physically acceptable?

1. The most plausible manner to obtain a realistic coupling constant evolution relies on the
proper choice of the cutoff for the hyperbolic angle. As found, for the third trial there are
good hopes about realistic coupling constant evolution. This option gives good hopes for
realistic coupling constant evolution in the range of momenta appearing in particle physics
experiments.

2. It remains an open problem whether the quantitative form of this cutoff is deducible in the
framework provided by QFT limit or whether it must be accepted as prediction of quantum
TGD proper. A realistic coupling constant evolution requires that a very large number of
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p-adic length scales contributes to the loop integrals. This is typical for quantum criticality.
As found, the cutoff in the hyperbolic angle codes for the presence of a large number of
scales. Therefore the hyperbolic cutoff should be deducible from quantum criticality. Here
also number theoretic Universality might provide strong constraints. One might also hope
that the proposed cutoff represents maximal quantum criticality allowed by other constraints.
The higher the quantum criticality as measured by the size of hyperbolic cutoff is, the weaker
are the coupling strengths estimated from the scale factors of bosonic propagators so that a
kind of compromise might be involved. For too large quantum fluctuations interactions get
too weak and for to low a criticality they become too strong. The boundary between chaos
and order would be in question.

One can also worry about whether the lowest order estimates for the coupling constants in-
terpreted as their bare values are realistic. From the identification of gauge couplings in terms of
2-2 scattering of fermions one can conclude that the experimentally measured coupling strength
involves sum over all radiative corrections so that their values can change considerably if the UV
end indeed contributes significantly to the vertex corrections.

2.3 Could quantum criticality fix hyperbolic cutoff uniquely?

Quantum criticality fixes the value of Kähler coupling strength and therefore the p-adic length scale
evolution of all gauge couplings. This inspires the question whether one could find a formulation of
quantum criticality allowing to deduce the precise form of the hyperbolic cutoff and the dependence
of bare gauge boson couplings on the mass of the virtual boson. A concrete formulation for
the quantum criticality could be analogous to that for the preferred extremals of Kähler action.
Criticality would state that the matrix defining the second variation of the effective YM action
becomes degenerate in some sense.

The expectation is that the number of critical deformations defining the symmetries is infinite
and conformal symmetries are in question. The conformal algebras would form an infinite hierarchy
of sub-algebras with generators labelled by integers proportional to an integer n = 1, 2.... One
would have n conformal equivalence classes of space-time surfaces connecting given 3-surfaces at
the boundaries of CD and n would define Planck constant heff = n× h labelling the hierarchy of
dark matters (see fig. http://www.tgdtheory.fi/appfigures/planckhierarchy.jpg, which is
also in the appendix of this book).

Several un-successful guesses about what this could mean at the level of propagator were made.
The evolution of ideas is described in a separate section. The final proposal was that at quantum
criticality all bosonic vertices defined by fermionic loop vanish when the incoming bosons are on
mass shell (massless). The condition indeed realizes quantum criticality in the following sense. The
vanishing of vertices is very much analogous to the vanishing of higher functional derivatives of the
action with respect to gauge fields at criticality (or derivatives of the potential function in Thom’s
catastrophe theory). The conditions also emerge as consistency conditions: if the vanishing does not
occur for on mass shell bosons, one obtains T-matrix expressible in terms of analytic continuation
of TT † and one does not have vertex identified as something irreducible anymore. Also the fact
that only BFF vertex is fundamental vertex if bosonic emergence is accepted, conforms with the
conditions. The vanishing of on mass shell N-vertices gives an infinite number of conditions on the
hyperbolic cutoff as a function of the integer k labeling p-adic length scale at the limit when bosons
are massless and IR cutoff for the loop mass scale is taken to zero. It is not yet clear whether
dynamical symmetries, in particular super-conformal symmetries, are involved with the realization
of the vanishing conditions or whether hyperbolic cutoff is all that is needed.

3 Calculation of the bosonic propagator

The precise form of the bosonic propagator is interesting for obvious reasons. Also this calcula-
tion demonstrates the delicacies involved with the loop integration in Minkowski signature. In
particular, the behavior of bosonic propagators at large momentum limit is decisive as far as con-
vergence of perturbation theory is considered. Bosonic N-vertex involves N propagator lines and
if single loop integral involves N vertices is proportional to a numerical factor a(N, pi) the over
all factor associated with bosonic N-vertex from which N internal lines emerge is proportional to

http://www.tgdtheory.fi/appfigures/planckhierarchy.jpg
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a(N, {pi})/a(2, pi)
N . The behavior of this factor at the limit when the momenta pi approach UV

cutoff momentum determines the dominant contribution to the Feynman diagram in the case of
loops and if a(2, p) is sufficiently large at this limit, there are good hopes for convergence. The
following calculation of the bosonic propagator at UV limit gives good hopes in this respect.

3.1 The basic integrals

The fermionic loop is given by

X = − 1

S

∫
d2k

1

k2(p+ k)2
Tr(γµikργργ

νi(p+ k)σγσ)

S = 2 . (3.1)

S is the symmetry factor and −1 is the factor associated with fermionic loop. Using

Tr(γµγνγργσ = 4(gµνgρσ − gµρgνσ + gµσgν rho) (3.2)

the traces give

X = 2

∫
d4k

1

k2(p+ k)2
× (−pµkν − pνkµ − 2kµkν + (k2 + p · k)gµν) . (3.3)

The contraction with the tensor Pµν/3, where

Pµν = gµν − pµpν

p2
(3.4)

acts as a projector dropping out polarizations in the direction of momentum, should give the
integral as XPµν assuming that the gauge invariance of Dirac action is not broken. The projection
gives the expression

X = 2

∫
d4k

1

k2(p+ k)2
× (3p · k +

(p · k)2

p2
+ k2)× Pµν . (3.5)

The calculation of the integral reduces to that for the following three integrals

I = 6
∫
d4k p·k

k2(p+k)2 , J = 2
∫
d4k 1

(p+k)2 , K = 2
p2

∫
d4k (p·k)2

k2(p+k)2
(3.6)

using the cutoff prescription motivated by the notion of measurement resolution. I is assumed that
the momentum p is time-like. It is not clear whether straightforward analytic continuation allows
to deduce the propagator in space-like region.

The integrals over k can be decomposed to sums of two pieces corresponding to time-like and
space-like k.

I = It + Is , J = Jt + Js , K = Kt +Ks . (3.7)

In the rest system of the virtual boson the denominator reads in the two cases as

(p+ k)2 = p2 + k2 + 2pk × cosh(η) (time-like case) ,

(p+ k)2 = p2 − |k2|+ 2p|k| × sinh(η) (space-like case) . (3.8)

From hitherto |k2| ≡ k2 will be used to simplify the notation. The space-like case differs from
time-like one by cosh(η)→ sinh(η) replacements and by the fact that the denominator can vanish
so that loop can have an imaginary ”dispersive” contribution from the propagator pole which could
reduce the normalization factor of the propagator.

Whatever the detailed definitions of the loop integral is, it must satisfy the basic constraint
that the integral at the p2 = 0 limit behaves as p2 and also its first derivatives with respect to the
momentum components vanish: or more generally, the integral is even function of p.



3.2 How to avoid generation of mass term? 27

3.2 How to avoid generation of mass term?

p2 = 0 limit of the fermionic loop can be deduced by putting pµ = 0 in the integrals I and J . This
gives

Is = 0 , It = 0 ,
Js = −4π

∫
kdk

∫
2cosh2(η)dη , Jt = 8π

∫
kdk

∫
2sinh2(η)dη ,

Ks = 4π
∫
kdk

∫
2cosh2(η)sinh2(η)dη Kt = 8π

∫
kdk

∫
2sinh2(η)cosh2(η)dη .

(3.9)

. Note that the two signs of k0 in the time-like case give additional factor two. A mass term
is generated unless these integrals sum up to zero. The vanishing is achieved if one chooses the
hyperbolic cutoffs in time-like and space-like regions to guarantee this. The condition is

(Js +Ks)(ηmax,s) = −(It +Kt)(ηmax,t) . (3.10)

From

Is = 0 , It = 0 ,
Js = −8π

∫
kdk

∫
cosh2(η)dη , Jt = 16π

∫
kdk

∫
sinh2(η)dη ,

Ks = 8π
∫
kdk

∫
cosh2(η)sinh2(η)dη , Kt = 16π

∫
kdk

∫
sinh2(η)cosh2(η)dη ,

(3.11)

and using

∫
cosh2(η)dη = 1

4sinh(2η) + η
2 ,

∫
sinh2(η)dη = 1

4sinh(4η)− η
2 ,∫

sinh2(η)cosh2(η)dη = 1
32sinh(4η)− 1

8η
(3.12)

one obtains

(Js +Ks)(ηmax,s) ∝ 4

∫ ηmax,s

0

dη ×
[
−cosh2(η) + cosh2(η)sinh2(η)

]
= −sinh(2ηmax,s) +

1

8
sinh(4ηmax,s)−

5

2
ηmax,s ,

(Jt +Kt)(ηmax,s) ∝ 4

∫ ηmax,s

0

dη(2sinh2(η) + 2cosh2(η)sinh2(η))

= 2sinh(2ηmax,t) +
1

4
sinh(4ηmax,t)− 5ηmax,t .

(3.13)

This gives the condition

−sinh(2ηmax,s) + 1
8sinh(4ηmax,s)− 5

2ηmax,s

= −2sinh(2ηmax,t)− 1
4sinh(4ηmax,t) + 5ηmax,t .

(3.14)

The conditions should make sense for arbitrary small values of ηmax,i. The Taylor expansion to
third order gives

ηmax,s =
4

3
η3
max,t (3.15)

so that this indeed the case. The hyperbolic cutoff for space-like momenta would be considerably
tighter than for time-like momenta so that in long length scales time-contributions to the loop
integral expected to dominate.

As always, one can criticize.
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1. The relationship between time-like and space-like hyperbolic cutoffs is number theoretically
cumbersome.

2. In super-symmetric gauge theories [B4] loops do not generate mass corrections because super-
symmetry implies the vanishing of leading mass corrections. In TGD standard form of SUSY
does not seem to be realized but the generalization of this symmetry to super-conformal
symmetry might imply the same and even something much more general. This would allow
the time-like and space-like hyperbolic cutoffs to be identical and one could avoid the number
theoretically cumbersome relationship between the two cutoffs. In fact, in accordance with
quantum criticality all loop corrections could vanish for N-point functions with massless
external particles with physical polarizations. This would be be consistent with the vanishing
of the on mass shell inverse propagator. This line of thought will be developed in the last
section of the chapter.

3.3 Explicit form of the integrals

In the space-like case one has

I1 = Ipole,1 + IP,1 ,

Ipole,1 = −6iπp

∫
d4k × p · k

k2
δ((p+ k)2 , IP,1 = 6P

∫
d4k × p · k

k2(p+ k)2
,

J1 = Jpole,1 + JP,1 ,

Jpole,1 = −2iπ

∫
d4k × δ((p+ k)2 , JP,1 = 2P

∫
d4k

1

(p+ k)2
,

K1 = Kpole,1 +KP,1 ,

Kpole,1 = −2iπ

∫
d4k

(p · k)2

p2
× δ((p+ k)2 , KP,1 = 2P

∫
d4k

(p · k)2

p2

1

(p+ k)2
.

(3.16)

P denotes principal value integral.

3.3.1 Principal value contributions

In the calculation of principal value contributions one must notice that both signs of k0 are possible
in time-like case. One can also restrict the integration range over η to positive value of η by
appropriate arrangement of contribution from different signs of η. In space-like case this gives
to terms corresponding to different signs εs of sinh(η(2)) and in time-like case just a factor of 2.
Different signs of energy give to terms corresponding to different signs εt of p · k = ±pkcosh(η).

The principal value contributions to space-like integrals can be written as

IsP = 4π
∫ ηmax,s

0
dη × cosh2(η)× is , is = −3p

∑
εs
εssinh(η)

∫
dk k2

p2−k2+2εspksinh(η) ,

JsP,1 = 4π
∫ ηmax,s

0
dη × cosh2(η)× js , js = 2

∑
εs

∫
dk k3

p2−k2+2εspksinh(η) ,

Ks
P,1 = 4π

∫ ηmax,s

0
dη × cosh2(η)× ks , ks = 2

∑
εs

∫
dk k3sinh2(η)

p2−k2+2εspksinh(η) .

(3.17)

One must be very careful with the sign factors. In the time-like case one has only principal value
contributions and one obtains very similar expressions
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ItP = 4π
∫ ηmax,t

0
dη × sinh2(η)× it , it = 6pcosh(η)

∑
εt
εt
∫
dk k2

p2+k2+2εtpkcosh(η) ,

J tP = 4π
∫ ηmax,t

0
dη × sinh2(η)× jt , jt = 2

∑
εt

∫
dk k3

p2+k2+2εtpkcosh(η) ,

Kt
P,1 = 4π

∫ ηmax,s

0
dη × cosh2(η)× kt , kt = 2

∑
εt

∫
dk k3cosh2(η)

p2−k2+2εtpksinh(η) .

(3.18)

An additional factor two results from the fact that η ≥ 0 is assumed. In time-like case there is
contribution from both signs of k0 so that one obtains also an integral in which k is replaced with
its negative in the denominator.

3.3.2 Pole contributions

The poles of the integrand are given by

ksε1,ε2 = ε1p× exp(ε2η) (space-like case) ,

ktε1,ε2 = ε2p× exp(ε1η) (time-like case) , εi = ±1 .

(3.19)

Note that ε1 refers to the roots associated with the same denominator and ε2 to different denomi-
nators. For space-like (time-like) case only ε1 = 1 (ε2 = 1) gives a pole in the physical region. The
differences of the roots will be needed in the calculations and are given by

ks+,ε2 − k
s
−,ε2 = 2pexp(ε2η) (space-like case) ,

kt+ε2 − k
t
−ε2 = 2pε2sinh(η) (time-like case) .

(3.20)

The pole contribution is present for both space-like and time-like cases. The delta function
δ((p+ k)2) can be written in terms of k and η. In the time-like case as

δ((p+ k)2)d4k = δ(p+ k)2)
∂(k, η)

∂((p+ k)2, η)
d((p+ k)2)sinh2(η)dηdΩ ,

∂(k, η)

∂((p+ k)2, η)
=

1

p
× 1

2cosh(η) + ε1sinh(η)
. (3.21)

In the space-like case one has

δ((p+ k)2)d4k = δ(p+ k)2)
∂(k, η)

∂((p+ k)2, η)
d((p+ k)2)cosh2(η)dηdΩ ,

∂(k, η)

∂((p+ k)2, η)
=

1

p
× 1

−cosh(η)
. (3.22)

The integration over Ω gives a factor of 4π. By combining integrals over η to integral over positive
values of η one finds that Ispole vanishes since ε2 → −ε2 is equivalent with η → −η. Similar

vanishing takes place for Itpole since different signs of energy give different sign for p · k factor.

η → −η corresponds to ε1 → −ε1 for Itpole and to ε1 → −ε1 for Jspole and in both cases one obtains
factor 2. Hence the contribution from the poles kε1,ε2 can be written as
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Ispole = 0 , Itpole = 0 ,

Jspole,ε2 +Ks
pole,ε2 = −i16π2p2

∫ ηmax,s

0

dη × (1− sinh2(η))× cosh2(η)
exp(3ε2η)

−cosh(η)
,

J tpole,ε1 +Kt
pole,ε1 = −i32π2p2

∫ ηmax,t

0

dη × (1 + cosh2(η))× sinh2(η)
exp(3ε1η)

2cosh(η) + ε1sinh(η)
,

,

(3.23)

Pole contributions in the time-like case involve additional factor 2 due to the two signs of k0. One
must integrate separately the pole contributions corresponding to different signs of εi. The reason
is that the integration limits for η are in general different because the upper or lower limit for η
integration can be reduced or increased since k± must belong to the half octave in question. The
determination of the bounds of hyperbolic integral requires a special care. This point is discussed
in the chapter devoted to the calculation of the gauge boson propagator.

Note that the poles give a small imaginary contribution to the kinetic term corresponding to
free theory and imply a breaking of unitarity. The masses of the poles are in good approximation
equal to k2 = p2 for small values of p .

3.4 k-integration for the principal value parts of the integrals

The integrals over k reduce to integrals of rational functions using the general expression for poles
given in Eq. 3.19. Each octave in momentum space gives its own contribution.

The integrals to be calculated are

is = −3psinh(η)
∑
εs
εs
∫
dk k2

p2−k2+2εspksinh(η) ,

it = 6pcosh(η)
∑
εt=±1 εt

∫
dk k2

p2+k2+2εtpkcosh(η) ,

js + ks = (1− sinh2(η))
∑
εs

∫
dk k3

p2−k2+2εspksinh(η) ,

jt + kt = 2(1 + cosh2(η)
∑
εt

∫
dk k3

p2+k2+2εtpkcosh(η) .

(3.24)

The k-integral is over the half-octave [2(−k−1)/2, 2−k/2]m(CP2). The poles can be written as
ksεεs = εp× exp(εεsη) in space-like case and as ktεεt = −εtp× exp(εεtη) in time-like case. One can
express the denominators appearing in the integrands in terms of them as

1

p2 − k2 + 2εspksinh(η)
=

1

ks+εs − k
s
−εs

∑
ε

epsilon

k − pεexp(εεsη))

=
1

2pexp(εsη)
×
[

1

k − p× exp(εsη))
− 1

k + p× exp(−εsη))

]
,

1

p2 + k2 + 2εtpkcosh(η)
=

1

kt+εt − k
s
−εt

∑
ε

ε

k − pεexp(εεtη)

= − 1

psinh(η)
×
[

1

k − pεtexp(εtη))
− 1

k − p× εtexp(−εtη))

]
.

(3.25)

This gives
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is = − 3sinh(η)
2

∫
dk × k2

[
exp(−η)( 1

k−p×exp(η) −
1

k+p×exp(η) )

−exp(η)( 1
k−p×exp(−η) −

1
k+p×exp(−η) )

]
,

it = −6 cosh(η)
sinh(η)

∫
dk × k2

[
1

k−p×exp(η) −
1

k−p×exp(−η)

− 1
k+p×exp(−η) + 1

k+p×exp(η)

]
,

js + ks = (1−sinh2(η))
2p

∫
dk × k3

[
exp(−η)( 1

k−p×exp(η) −
1

k+p×exp(η) )

+exp(η)( 1
k−p×exp(−η) −

1
k+p×exp(−η) )

]
,

jt + kt = − 2(1+cosh2(η)
psinh(η)

∫
dk × k3

[
1

k−p×exp(η) + 1
k−p×exp(−η)

+ 1
k+p×exp(−η) −

1
k+p×exp(η)

]
,

.

One must calculate integrals of form in =
∫ b
a
dk kn

k−K . Taking k1 = k − K as the integration
variable, using binomial expansions, the transformation of integration limits [a, b] to [a−K, b−K],
and the expressions for the integration limits given by [a, b] = [2−(k+1)/2, 2−k/2] × m(CP2) ≡
[2−1/2, 1]mk (the k in p ' 2k should not be confused with the integration variable) one obtains

in =

∫
dk

kn

k −K
=

n∑
m=1

b(n,m)

m
×Kn−m[

m−1∑
r=0

(−1)r × b(m, r)× (bm−r − am−r)Kr]

+ Knlog(| b−K
a−K

|) , b(n,m) =
n!

(n−m)!m!
,

(a, b) = (2−1/2, 1)mk , K = ε1p× exp(ε2η) or K = ε1p× exp(ε2η) .

(3.26)

Polynomial terms give contributions which come as powers Km, m ≤ n− 1 and would give to
kinetic term a contribution which is power pk, k = 0, 1 for n = 2 and k = −1, 0, 1 for n = 3. What
is known about p2 = 0 limit implies that these terms must sum up to zero,for i1 and it. This
indeed happens as explicit check shows. For js and jt one must obtain a constant contribution
independent of p and giving rise to mass term in the propagator. This would correspond to pk,
k = 1. The terms must be same apart from sign and cancel each other only if the hyperbolic
cutoffs are related in the proposed manner.

The logarithmic terms associated with the poles K = k
s/t
± can be combined to single logarithm.

Getting the sign factors correctly takes some time and one must be careful with the expressions
for the roots and their differences k±,ε2 which are reproduced for here for the reader’s convenience.

ks±ε2 = ±p× exp(ε2η) (space-like case) ,

kt±,ε2 = ε2p× exp(±η) (time-like case) ,

ks+ − ks− = 2pexp(ε2η) , (space-like case) ,

kt+,ε2 − k
t
−,ε2 = 2pε2sinh(η) , (time-like case) .

(3.27)

The sum over the logarithms combines to form a logarithmic term which is of following form in
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various cases.

is = p2 3sinh(η)
2 ×

[
exp(η)log(F1( p

mk
exp(η))

−exp(−η)log(F1( p
mk
exp(−η))

]
,

−6p2 cosh(η)
sinh(η) ×

[
exp(2η)log(F2( p

mk
exp(η))

−exp(−2η)log(F2( p
mk
exp(−η))

]
,

p2

2 × (1− sinh2(η))
[
exp(2η)log(F2( p

mk
exp(η))

+exp(−2η)log(F2( p
mk
exp(−η))

]
,

jt + kt = −p2 2(1+cosh2(η))
sinh(η) ×

[
exp(3η)log(F1( p

mk
exp(η)))

+exp(−3η)log(F1( p
mk
exp(−η))

]
,

(3.28)

where the functions Fi(x) are given by

F1(x) = | (2 + x)(
√

2− x)

(2− x)(
√

2 + x)
| ,

F2(x) = | (2 + x)(2− x)

(
√

2 + x)(
√

2− x)
| (3.29)

For small values of x one has F1(x) ' 1 and F2(x) ' 2 so that only F1(x) contributes significantly
to the propagator for pexp(±η) � mk. For large values of x one has Fi(x) ' 1 so that neither
of them contributes for p � mk. For p = 2mkexp(±η) Fi has infinite value so that one obtains
a logarithmic singularity. Since the integration range over η is shortens with exponential rate as
function of k, the logarithmic contribution does not have significant effects. It however means
that p-adic length scale hierarchy is visible as a small effect. If the momentum squared does not
correspond to p-adic mass scale log(F1) ' 0 and log(F2) ' log(2)/2 holds true and the kinetic term
is in excellent approximation proportional to p2. Since Fi are even functions of p, they are actually
functions of p2 rather than p as one might indeed expect on basis of analyticity requirement.

The expressions for the non-vanishing functions at this limit read as

it = −12log(2)p2cosh2(η) ,

js =
log(2)

2
(2cosh2(η)− 1)(1− sinh2(η)) . (3.30)

At the p2 = 0 limit-that is in p-adic mass scales much larger than p- one has in the next
approximation

F1(x) ' (1−
√

2)× x+O(x3) = (1−
√

2)× p

mk
u±1 ,

F2(x) ' x2

4
+O(x3) =

1

4
(
p

mk
)2u±2 ,

(3.31)

This gives

is ' p2 × 2(1−
√

2)× p
mk

3sinh(η)
2 × sinh(2η) ,

−6p2 cosh(η)
sinh(η) ×

[
2log(2)sinh(2η)− 1

2 ( p
mk

)2sinh(4η)
]
,

js + ks ' p2

2 × (1− sinh2(η))
[
2log(2)cosh(2η) + 1

2 ( p
mk

)2cosh(4η)
]
,

jt + kt ' −p2 × 2(1−
√

2)× p
mk

2(1+cosh2(η))
sinh(η) × cosh(4η) ,

(3.32)

At the IR limit p/mk � 1 one can expand the logarithms with respect to the variable 1/x and
the lowest order gives
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F1(x) ' − 2

x2
+O(x−3) = −(

p

mk
)−2u∓2 ,

F2(x) ' 2(2−
√

2)× x−1 +O(x−3) = 2(2−
√

2)× (
p

mk
)−1u∓1 . (3.33)

(3.34)

is ' p2 × 2( p
mk

)−2 × 3sinh(η)
2 × sinh(η) ,[

2log(2)sinh(2η) + 4(2−
√

2)( p
mk

)−1sinh(η)
]
,

(1− sinh2(η))
[
2log(2)cosh(2η) + 4(2−

√
2)( p

mk
)−1cosh(η)

]
,

jt + kt ' −p2 × 2( p
mk

)−2 × 2(1+cosh2(η))
sinh(η) × cosh(2η) .

(3.35)

One can write p/mk as p/mk = 2k/2×p/m(CP2). If p corresponds to the p-adic mass scale k0 one
can write p/mk = x × 2k0/2m(CP2) so that one has p/mk = x2(k0−k)/2 so that the higher order
contributions decrease with an exponential rate as a function of |k − k0|.

3.5 Numerical calculation of the integrals over the hyperbolic angle

The integrals over the hyperbolic angle η can be computed analytically in the case of pole con-
tributions since integrals of rational functions are in question. In the case of principal value
contributions situation is different since logarithms are present. Also now approximate analytic
approach is convenient since the model for how quantum criticality might dictate the hyperbolic
cutoff requires calculation of the the derivatives of the integrals with respect to momentum p
and analytic approximation to integrals allows to perform this calculation in terms of elementary
functions.

Predicting coupling constant evolution and the bare values of couplings constants is something
which is not done every day, and it is important to make all calculations public so that the reader
can detect possible errors. Therefore I have reported the calculation in all boring detail.

3.5.1 Overall view about calculation

The following summary is for a reader willing to carry out the calculations himself.

1. By taking u = eη as integration variable, the partial faction expansion of the rational func-
tions multiplying Fi in various integrals gives integrals of form

∫
unlog(|1 + xu|) for both

signs of n and x. If x is very small, the best manner to proceed is to expand the logarithm to
a Taylor polynomial. If x is very large one can expand log(u+ 1/x) into Taylor polynomial.
For x not too far from unity one replace the integration variable with v = u+1/x and expand
un = (v − 1/x)n using binomial formula, one obtains for n ≥ 0 integrals of form

∫
vnlog(|v|)

and partial integration allows to deduce expression for this integrals in terms of elementary
functions as

∫
(v + u0)nlog(v)dv =

n∑
k=0

b(n, k)un−k0 vk+1(
log(v)

k + 1
− 1)

(k + 1)2
) .

2. Also integrals of form
∫
v−nlog(|v|)du are encountered. By changing the integration variable

to v = 1/u these integrals can be transformed to vnlog(v − v0) type integrals for n ≥ 2.
Therefore only the integral

∫
u−1log(|u− u0|)du remains.

3. For the integrals of type
∫

1
x log(|1−x|)dx, x = u/u0, one can use in the region u/u0 < 1 the

expansion of the denominator in geometric series to obtain the integral function as∫
1

x
log(|1− x|)dx =

∑ (−1)n+1xn

n2
≡ F (x) .

It seems that this function does not allow expression in terms of elementary functions.
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4. If u− u0 vanishes in the integration range the situation is more delicate and the integration
range must be divided into two parts. In this case one can expand u−n = (u0 +v)−n in Taylor
series so that one obtains integrals of

∫
vnlog(|v|)dv are obtained. The integral reduces to∫

log(x− x0)

x
dx = log(|x− x0|)log(|1− x

x0
|)− F (

x− x0

x0
) .

The variation range of v is very restricted since u varies in the vicinity of u = 1 so that the
series converges rapidly. The numerical control of the integration reduces to the control of the
degree of the Taylor polynomials. An additional numerical difficulty is posed by the analytic
expressions which involve large terms summing up to zero. To guarantee the cancelation
also numerically, one can combine the contributions from the logarithms log(|1 ± xk2−ru|)
appearing in log(Fi) to single expression. This also minimizes the possibility of sign errors.

To sum up, the completely standard integral formulas needed in the numerical calculations are

∫
log(x)xmdx = xm+1( log(x)

m+1 −
1

(m+1)2 ) ,∫
log(x)x−mdx = − 1

m−1 log(x)x−m+1 − 1
(m−1)2x

m−1, m 6= 1 ,∫
log(x)x−1 = 1

2 log(x)2 .

(3.36)

Explicit numerical approximations reduce to the cutoff of F (x) to Taylor polynomial.
Since I possess rather primitive calculational tools (MATLAB in home computer) the need to do

the calculations fast enough to perform them within day rather than year forces a rather detailed
analysis of the calculation and also kind of re-synthesis besides the use of analytic formulas. A
careful planning of calculations is necessary in order to avoid un-necessary multiple calculations
and loops rather than just performing simple discretization of the integration variable disfavored
also by the logarithmic singularities of the integrands. The strategy has been simple.

1. Separate the easily calculable contribution corresponding to p2 = 0 limit for which F2 =
log(2) and F1 = 0 hold true. The remaining contribution should be small for typical values
of p.

2. Calculate the coefficients of Laurent and Taylor polynomials having no dependence on cutoff,
momentum, or p-adic integer k to arrays in the beginning of the calculation as loops and
store them as data.

3. Calculate the coefficients depending on momentum parameter p and p-adic integer k to arrays
in the same manner.

4. Identify the basic integrals depending on the hyperbolic cutoff umax,t or umax,s, calculate
them, and store them into arrays in the beginning of calculation using loops since there are
typically conditions involved with each step of calculation so that loops cannot be avoided.

5. Calculate the basic contributions to propagator normalization factor from is, it, js+ks, jt+kt
using matrix operations and element-wise operations for arrays to avoid loops.

6. Use Taylor polynomials in the case that the analytic expression in terms of elementary
functions does not exist or if the exact analytic expression is numerically unstable (say
involves sum of large contributions summing up to zero but failing to do this exactly in the
numerical approach). For instance, this strategy inspires the calculation and storing into
arrays of integrals of

∫
du × unlog(Fi) rather than

∫
du × unlog(1 + 2−rxku) to which the

integral decomposes.

3.5.2 Representation of rational functions appearing in integrands

Since I do not have opportunity to use symbol manipulation packages I include the detailed formulas
for various functions involved it is essential to keep documentation as precise as possible so that
I include detailed formulas allowing immediate computerization. The inverse of the propagator is
apart from the projector Pµν equal to the sum of the following integrals.
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∫
dη × cosh2(η)is = C1

∫
du×

[
r1(u)× log(F1(xku))− u−2r1(u)× log(F1(xku

−1))
]
,

r1(u) = (u− u−1)(u+ u−1)2 = u3 + u− u−1 − u−3 ,∫
dη × sinh2(η)it = C2

∫
du×

[
r2(u)× log(F2(xku))− u−4r2(u)× log(F2(xku

−1))
]
,

r2(u) = u(u+ u−1)(u− u−1) = u(u2 − u−2) ,∫
dη × cosh2(η)(js + ks) = C3 ×

∫
du× r3(u)

[
r3(u)log(F2(xku) + u−4r3(u)× log(F2(xku

−1))
]
,

r3(u) = u(4− (u− u−1)2)(u+ u−1)2 = u(−u4 + 4u2 + 10 + 4u−2 − u−4) ,∫
dη × sinh2(η)(jt + kt) = C4

∫
du×

[
r4(u)× log(F1(xku)) + u−6r4(u)× log(F1(xku

−1)
]
,

r4(u) = u2(4 + (u+ u−1)2)(u− u−1) = u2(u3 + 5u− 5u−1 − u−3) ,

C1 = 3πp2

2 , C2 = −6πp2 , C3 = πp2

2 , C4 = −πp2 .

(3.37)

In the integration of the latter terms containing log(Fi(xku
−1) the simplest formulas are ob-

tained by taking v = u−1 as an integration variable since there is high degree of symmetry between
r and s contributions. du = −dv/v2 brings in one negative power of v and uk goes to v−k so
that one has uk → v−k−2. Since integrand apart multiplying dη satisfies F (u) = F (v) and since
the integration measure dη = du/u equals to −dv/v the overall result is that the integrand only
changes sign: F (u)du = −F (v)dv and the integration limits [1, umax] are replaced with [1, u−1

max].
Hence the integrals associated with the latter terms can be reduced to the integrals defined by
ri(u). Taking into account the symmetries of the integrand this gives the formulas

is : I = I(1, umax,s)− I(1, u−1
max,s) ,

it : I = I(1, umax,t)− I(1, u−1
max,t) ,

js + ks : I = I(1, umax,s)− I(1, u−1
max,s) ,

jt + kt : I = I(1, umax,s) + I(1, u−1
max,s) .

(3.38)

For jt + kt the integrals obviously tend to cancel each other.
The rational functions ri multiplying functions Fi in various cases can be expressed by giving

the non-vanishing coefficients in their Laurent expansion

ri(u) =
∑
k

r+
i,ku

k +
∑
k

r−i,ku
−k

to make the integration procedure systematic.
One obtains for the non-vanishing coefficients following expressions

r+
1,1 = 1 , r+

1,3 = 1 , r−1,1 = −1 , r−1,3 = −1 ,

r+
2,3 = 1 , r−2,1 = −1 ,

r+
3,1 = 10 , r+

3,3 = 4 , r+
3,5 = −1 , r−3,1 = 4 , r−3,3 = −1 ,

r+
4,1 = −5 , r+

4,3 = 3 , r+
4,5 = 1 , r−4,1 = −1 .

(3.39)

Only the coefficients r−i,1 give rise to an integral not expressible in terms of elementary functions.

3.5.3 Functions Fi

The functions Fi and their derivatives are given by



3.5 Numerical calculation of the integrals over the hyperbolic angle 36

F1(x) = | (2+x)(
√

2−x)

(2−x)(
√

2+x)
| , F2(x) = | (2+x)(2−x)

(
√

2+x)(
√

2−x)
| ,

log(F1)′ = 1
2+x + 1

2−x −
1√
2+x
− 1√

2−x , log(F2)′ = 1
2+x −

1
2−x −

1√
2+x

+ 1√
2−x ,

(3.40)

It is convenient to extract from the integrals the contribution which corresponds to p2 = 0 limit
given by Eq. 3.30. This contribution comes from F2 alone since F1 vanishes at this limit.

For systemization purposes it is convenient to introduce the functions V (i, ε)(x, u) as

V1,ε(xk, u) = log(F1(xku
ε)) =

∑
ε1,r

V (1, epsilon1, r))log(|1 + ε12−rxku
ε|) ,

V2,ε(xk, u) = log(F2(xku
ε)/2) =

∑
ε1,r

V (2, ε1, r))log(|1 + ε12−rxku
ε|) ,

V (1, ε1, 1)) = 1 , V (1, ε1, 1/2)) = −1 ,

V (2, ε1, 1)) = (−1)ε1 , V (2, ε1, 1/2)) = (−1)ε1−1 .
(3.41)

The logarithms log(|2r + ε1xku
ε=−1|) can be decomposed as

log(|1 + ε12−rxku
−1|) = log(|u+ ε12−rxk|)− log(|u|) . (3.42)

The contributions form log(u) terms cancel for Fi and one obtains effectively contribution of
form

∑
n r
±
i,n

∫
unlog(|1 + ε12−rxku|)du ,∑

n s
±
i,n

∫
unlog(|u+ ε12−rxk|) ,

(3.43)

Note that when xk is small resp. large the total contributions are or order xk resp. 1/xk and
therefore very small.

3.5.4 Expression of the integrals in terms of the basic integrals

One can express the integrals in terms of following basic integrals:

In(u0, umax) =
∫ umax

1
du× unlog(|u+ u0|) , Jn(umax) =

∫ umax

1
du× un . (3.44)

Notice that for n < −1 the integral can be reduced to n ≥ 0 case by changing the integration
variable to v = 1/u.

In the following are listed the expressions of the basic integrals remaining when the contribution
which is non-vanishing at p2 = 0 limit has been subtracted. As already found, s± contributions
are identical with r∓ contributions so that it is enough to multiply by a factor 2 the contributions
coming from r±.

1. For r+
i,n one obtains following integrals.

is
∑
n r

+
1n

∑
r V (1, 1, r)I(n, r, umax,s) =

∑
n r

+
1nI1(n, r, umax,s) ,

it
∑
n r

+
2n

∑
r V (2, 1, r)I(n, r, umax,t) =

∑
n r

+
2nI2(n, umax,t) ,

js + ks
∑
n r

+
3n

∑
r V (2, 1, r)I(n, r, umax,s) =

∑
n r

+
3nI2(n, umax,,s) ,

jt + kt
∑
n r

+
4n

∑
r V (1, 1, r)I(n, r, umax,t) =

∑
n r

+
4nI1(n, umax,t) ,

Ii(n, umax) = −(i− 1)× log(2)Jn(umax)

+
∑
r=1/2,1(−1)2r(In( 2r

xk
, umax) + (−1)iIn(− 2r

xk
, umax)) .

(3.45)



3.5 Numerical calculation of the integrals over the hyperbolic angle 37

2. The integration of negative powers requires the change of variable u → u−1 = v, du =
−v−2dv. For r−i,n one has

is
∑
n r
−
1n

∑
r V (1, 1, r)I(n, r, umax,s) =

∑
n r
−
1nI1(n, umax,s) ,

it
∑
n r
−
2n

∑
r V (2, 1, r)I(n, r, umax,t) =

∑
n r
−
2nI2(n, umax,,t) ,

js + ks
∑
n r
−
3n

∑
r V (2, 1, r)I(n, r, umax,s) =

∑
n r
−
3nI2(n, umax,,s) ,

jt + kt
∑
n r
−
4n

∑
r V (1, 1, r)I(n, r, umax,s) =

∑
n r
−
4nI1(n, umax,t) ,

Ii(n > 1, umax) = −
∑
r(−1)2r(In−2(xk

2r ,
1

umax
) + (−1)iIn−2(−xk

2r ,
1

umax
)) ,

Ii(n = 1, umax) = (i− 1)× log(2)J−1(umax)

−
∑
r=1/2,1(−1)2r(I−1( 2r

xk
, umax) + (−1)iI−1(− 2r

xk
, umax)) .

(3.46)

These expressions make sense for the values of |u0|, which are not too far from unity. For very
large or small values of |u0| Fi are very near to zero or constant. The small corrections come in
powers of p/mk and are typically extremely small. This means that in the case of Ii(n = 1, umax)
the large contribution (i−1)× log(2)J−1(umax) must be compensated by the contribution from the
sum term. Numerically the compensation takes place in so poor an accuracy that the error is much
large than the magnitude of the actual contribution. Hence a special treatment is necessary. The
large logarithmic term in F2 cancels as one expresses log(|u±u0|) terms as log(|1∓u/u0|)+log(|u0|)
so that only log(|1∓ u/u0|) terms remain and give a contribution of order 1/u0 ' p/mk.

3.5.5 Analytic expressions for the basic integrals

One can deduce explicit analytic expressions for almost all basic integrals in terms of elementary
functions.

1. Reduction of k < −1 case to k ≥ 0 case

The first thing is to notice that integrals Ik<−1(u0, umax) reduce to corresponding integrals
with k ≥ 0.

Ik<−1(u0, umax) = I|k|−2(0, u−1
max)− I|k|−2(|1/u0|, u−1

max)− 1
|k|−1 log(|u0|)× (u

−|k|+1
max − 1) .

(3.47)

In the expression for Ii (i labels Fi) the first terms cancel each other so that one has

Ii,k<−1(u0, umax) = 2
∑
r=1/2,1(−1)2r

[
−(I|k|−2(xk2−r, u−1

max) + (−1)iI|k|−2(−xk2−r, u−1
max))

− (i−1)
|k|−1 log(2r/xk)× (u

−|k|+1
max − 1)

]
.

(3.48)

For k ≥ 0 and |u0| ≤ 1 the explicit expression for Ik(u0, umax) reads as

Ik≥0(u0, umax) =
∑k
l=0 b(k, l)

(−1)k−luk−l
0

l+1

[
(umax + u0)l+1(log(|umax + u0|)− 1

l+1 )

−(1 + u0)l+1(log(|1 + u0|)− 1
l+1 )

]
.

(3.49)

2. Alternative form of the integrals Ik≥0(u0, umax)

For |u0| ≥ 1 it is better to use the form
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Ik≥0(u0, umax) = log(|u0|)
k+1 (uk+1

max − 1) + uk+1
0

∑k
l=0 b(k, l)

(−1)k−l

l+1

[
(umax

u0
+ 1)l+1(log(|umax

u0
+ 1|)− 1

l+1 )

−( 1
u0

+ 1)l+1(log(| 1
u0

+ 1|)− 1
l+1 )

]
.

(3.50)

This expression is numerically unstable for u0 � 1 (UV limit) and u0 << 1 The simplest manner
to avoid this kind of problems is to expand the logarithms log(|1 + 2−rxku|) appearing in Fi as
Taylor polynomials and summing various contributions analytically.

3. Expression for Ik=−1(u0, umax)

Only I−1(u0 6= 0, umax) does not allow expression in terms of elementary functions.

1. In the regions umax < |u0| and |u0| < 1 one can write

I−1(u0, umax) = log(|u0|)log(umax) + F (umax

u0
)− F ( 1

u0
) , umax < |u0| ,

I−1(u0, umax) = 1
2 log

2(umax)− F ( u0

umax
) + F (u0) , |u0| < 1 ,

(3.51)

and approximate F (x) using Taylor polynomial.

2. For u0 > 0 and 1 < u0 < umax one obtains the following expression

I−1(u0, umax) = log(2)
∫
du× u−1 +

∫
du× u−1log(1 + (u+u0

2 − 1))

= log(2)log(umax) + I(umax)− I(1) ,

I(u) = − 1
2

∑
k>0

xk

k

[
log(1 + x)−

∑k
l=1

(−1)l+1xl

l

]
, x = u0+u−2

2−u0
.

(3.52)

The coefficient of xk

k is the remainder associated with the k + 1:th Taylor polynomial of
log(1 + x).

3. For u0 < 0 and 1 < |u0| < umax one can expand u in 1/u factor in powers of (u − u0)/u0

and integrate the Taylor expansion term by term. This gives

I−1(u0, umax) = I(umax)− I(1) ,

I(u) = log(|u0x|)log(1 + x)− F (x) , x = u−|u0|
|u0| .

(3.53)

4. Expression for Ii,k=−1(u0, umax)

One can perform the sum over integrals associated with Fi and corresponding to opposite values
of u0.

1. The integrals can be combined for Fi as

Ii,−1 = I−1(u0, umax) + (−1)iI−1(−u0, umax) ,

u0 = 2r

xmax
for r+, s− , u0 = xmax

2r for r−, s+ .
(3.54)

The definition of u0 > 0 is dictated by whether xku (r±) or xk/u (s±) appears in the
logarithm and whether u (r+, s−) or 1/u (r−, s−) is used as the integration variable.
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2. In the regions umax < |u0| and |u0| < 1 the functions Ii,−1( 2r

xmax
, umax) can be expressed as

Ii,−1(u0, umax) = 2(i− 1)log(2)× log(umax)

+
∑
r=1/2,1(−1)2r

[
F i(umax

u0
)− F i( 1

u0
)
]
, umax < u0 ,

Ii,−1(u0, umax) = −
∑
r=1/2,1(−1)2r

[
F i( u0

umax
)− F i(u0)

]
per, u0 < 1 .

(3.55)

3. In the regions 1 < |u0| = |u0| < umax the opposite signs of u0 correspond to different
analytic expressions appearing in Eqs. 3.51 and 3.52 and one cannot combine them to a
simpler function.

3.5.6 The treatment of |xk| � 1 and |xk| � 1 cases

The treatment of |xk| � 1 and |xk| � 1 cases requires special care since the formal approach using
integral functions approach fails because of numerical in-accuracies. The best manner to proceed
is to expand the logarithms in Fi as powers eries with respect to a suitably selected small quantity
and approximate them with their Taylor polynomials.

1. Small values of xk

Consider first the case xk � 1. This corresponds to momentum p ∼ 2−k0 with k0 > k and
is encountered for large loop momenta. One can express log(1 + ε2−rxku) as power series using
εr,k = 2−rxk as a small parameter to obtain

In(ε, εr,k) =

∫
un(log(1 + εεr,ku) =

∑
l>0

εlεlr,k(−1)l+1

l
Jn+l(umax) , Jn =

∫ umax

1

undu .

(3.56)

This gives

I(n ≥ 0, ε, εr,k) =
∑
l>0

εlεlr,k(−1)l+1

l(n+ l + 1)
(un+l+1
max − 1) ,

I(n < 0, ε, εr,k) =
∑

l>0,l 6=n−1

εlεlr,k(−1)l+1

l(n+ l + 1)
(un+l+1
max − 1) +

εn−1
r,k (−1)n

n− 1
log(umax) .

(3.57)

The contributions to Fi can be summed so that big contributions canceling each other do it
also numerically.

1. For F1 contributions with ε = ±1 sum up with opposite overall sign and the overall contri-
bution contains only odd powers of εr,k.

∑
r,ε

f1(ε)I(n, ε, εr,k) =
∑
l>0

C2l−1Jn+2l−1(umax) ,

Cl = 2
∑

r=1/2,1

(−1)2r
εlr,k
l

. (3.58)

2. For F2 contributions with ε = ±1 sum up with same sign and the overall contribution contains
only even powers of εr,k.

∑
r,ε

f2(ε)I(n, ε, εr,k) = −
∑
l>0

C2lJn+2l(umax)) . (3.59)
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2. Large values of xk

Second situation requiring special treatment corresponds to a momentum which is large in the
p-adic length scale k considered so that one has k � k0. Small loop momenta correspond to this
case. By replacing εr,k with Mr,k one can write

In(ε,Mr,k) =

∫
du× unlog(1 + εMr,ku) =

∫
du× unlog(Mr,k) +

∫
du× unlog(u+M−1

r,k ) .

(3.60)

The sum of the first terms vanishes for F1 (is and jt + kt). For F2 (it and js + ks) it gives overall
contribution equal to

−Jn(umax)log(2) . (3.61)

Note that the contribution - although large - does not depend on the scale of Mr,k at all. In the
second term Taylor expansion in power series gives

∫
du× unlog(u) +

∑
l>0 Il+n

εn2−nrMn
r,k(−1)l+1

l , Jr(umax) =
∫ umax

1
urdu .

(3.62)∫
du × uklog(u) terms sum up to zero in both F1 and F2 and the overall integral reduces to the

sum of the remaining terms.

1. For F1 contributions with ε = ±1 sum up with opposite overall sign and the overall contri-
bution contains only odd powers of Mr,k.

∑
r,ε

f1(ε)I(n, ε,Mr,k) =
∑
l>0

C2l−1Jn−2l+1(umax) ,

Cl = 2
∑

r=1/2,1

(−1)2r(
xk
2r

)l
1

l
. (3.63)

Note that the only difference to the previous case is xk/2
r → 2r/xk in the formula of Cl.

2. For F2 contributions with ε = ±1 sum up with same sign and the overall contribution contains
only even powers of Mr,k (recall that also the additional contribution given by Eq. 3.61 is
present).

∑
r,ε

f2(ε)I(n, ε,Mr,k) = −
∑
l>0

C2lJn−2l . (3.64)

3. The total contribution in the case of Fi can be written as

Ii,n = −Jn(umax)log(2) + (−1)i−1)
∑
l>0

C2l−1+(i−1)Jn−2l+1−(i−1) . (3.65)

3.5.7 Pole contributions

Tedious calculation allows to derive explicit expressions for the integrals of rational functions of
exp(η) defining the pole contributions. There are two contributions to the integral and they can
be reduced to same kind of integral by the changing the integration variable from u to 1/u in the
contribution. For space-like contributions the integrals can be expressed in the form
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Js,+ +Ks,+ = I(umax,s,+)− I(umin,s,+) ,

Js,− +Ks,− = −I(u−1
max,s,−) + I(u−1

min,s,−) ,

I(u) = Cs ×

∑
n≥1

p(n)

n+ 1
un+1 + p(−1)log(u)

 , (3.66)

(3.67)

p(−1) = 1
8 , p(1) = − 1

8 p(3) = − 3
8 p(5) = 1

8 .

(3.68)

Here the umax,s,+ and umin,s− are subject to the additional condition that the the pole momentum
is inside the p-adic half octave considered. Same applies to the integration boundaries in time-like
case.

For time-like contributions the integrals can be expressed in the form

Jt,+ +Kt,+ = I(umax,t,+)− I(umin,t,+) ,

Jt,− +Kt,− = −I(u−1
max,t,−) + I(u−1

min,t,−) ,

I(u) =
∑
n>1

p(n)un+1

n+1 + p(1)
6 log(3u2 + 1) + r(−1)

[
log(u)− log(3u2+1)

2

]
,

Ct =
√
−1× 32× π2 ,

p(n > 0) =
1

3

[
−p(n+ 2)

3
+ r(n+ 2)

]
, p(n > 5) = 0 ,

r(−1) = 1
8 , r(1) = 1

2 , r(3) = − 5
4 , r(5) = 1

2 , r(7) = 1
8 .

(3.69)

Since the entire integration range for η for a given value of k need not to correspond to the
roots k+ resp. k− belonging to k:th half half octave, the determination of the bounds of hyperbolic
integral requires a special care. One has two roots k+ = pexp(η) and k− = pexp(−η) in both time-
like and space-like case. For k:th p-adic half octave the questions are following. Does p belong to
the k :th octave? Does k+(max, k) = pumax(k) belong to it? Does k−(min, k) = pu−1

max(k) belong
to it? The answers to these three questions determine the limits of the η integration. There are 23

bit combinations (b0, b+b−) formed by the answers to the question ’Does p resp. k+(max, k) resp.
k−(min, k) belong to the Ik = [mk,

√
2mk]?’. The following table gives the integration ranges for

the bit combinations for which they are non-empty for either k+, k− or both.

(b0, b+, b−) pole ulower uupper

(111) k+ : 1 umax(k)
k− : 1 umax(k)

(110) k+ : 1 umax(k)
k− : 1 Min( p

mk
, umax(k))

Min(
√

2mk

p , umax(k))

k− : 1 umax(k)

umax(k)

(001) k− : p√
2mk

umax(k) .

(3.70)
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3.5.8 General expression for the normalization factor

To summarize, one can write the expression for the loop integral as

X = Ap2Pµν ,

A =

kmax∑
k=kmin

A(k) ,

A(k) =
1

p2
[−Ipole(k)− IP,1(k)− I2 + Jpole(k) + JP,1(k) + J2(k)] . (3.71)

Propagator normalization factor is given by

N =
1

A
. (3.72)

The above calculations are carried out by assuming that 2-adic length scale defines the length
scale resolution. The scaling up of the UV cutoff length scale from µ(2) =

√
2m(CP2) to 2−k/2m(CP2)

requires only the replacement x = m(CP2)/p appearing in the function F (xk, exp(±η)) with
x(k) = 2−(k−1)/2m(CP2)/p. The lowest order approximation must result if one puts p = 0 in the
arguments of the logarithms so that only p2 term remains in the propagator. This is indeed the
case as already found.

3.6 The evolution of 1/αem(p) for given IR cutoff for loop momenta

The following plots illustrate the evolution of the fine structure constant a function of the mass of
virtual photon. All the plots are associated with the model for the hyperbolic cutoff parameterized
as sinh(ηt) ≤ a × b−1/3, a = 0.22050469512552, b = 1/3, reproducing the experimental value
1/αem = 137.035999070 of the fine structure constant at electron length scale for IR cutoff kmax =
127 and its value at intermediate boson length scale for kmax = 89. The figures demonstrate
following.

1. From figures 1 and 2 it is clear that only the scenario in which the IR cutoff kmax for loop
momenta satisfies kmax > k0(p), where k0(p) is the p-adic mass scale of the momentum of
virtual gauge boson, makes sense.

2. For k0 > kmax there are two reasons for the failure. A large imaginary pole contribution
breaking unitarity (Figure 2) is generated and the evolution for gauge couplings is unrealistic
(Figure 1) due to the large contributions related to the presence of the pole.

3. In the main text it is proposed that it might be possible to fix the hyperbolic cutoff from
quantum criticality by requiring that the inverses of bare gauge couplings vanish at the end
point of the p-adic half octave for k0 = kmax + n, where n is small integer. The finding that
the real part for the inverse of gauge coupling changes sign for k0 = 90 for kmax = 89 at the
lower end of the p-adic half octave (Figure 3) raises the hope that the hyperbolic cutoff for
various values of k could be determined from this condition by starting from kmax = 1 or 2.

3.6.1 Failure of the model allowing k0 > kmax

Figures 1 and 2 demonstrate that loop momenta must be above the p-adic mass scale of the gauge
boson momentum. Figure 1 demonstrates that the ratio r = αem/αem,pred(pk) where αem =
137.035999070 is the experimentally determined fine structure constant at electron length scale
and αem,pred(pk) is the predicted fine structure constant for virtual photon mass pk =

√
2mk =

2−(k−1)/2xm(CP2), k = 2, ..., 127, x ∈ {2−1/2, 2−1/4, 1}. There is a large oscillation of the ratio as
a function of k at the upper end of the interval. The deviation of the prediction from unity is so
large and so different from expectations that it is safe to conclude that for momentum of virtual
gauge bosons characterized by the p-adic length scale k0 IR cutoff kmax for the loop momenta must
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Figure 1: The evolution of the ratio r = αem/αem,pred(p), where αem is the experimentally
determined value of the fine structure constant at electron length scale and αem,pred(pk) for
pk =

√
2mk = 2−(k−1)/2xm(CP2), k = 2, ..., 127, x ∈ {2−1/2, 2−1/4, 1}. Note that the three

points correspond to the lower end, middle point, and upper end of the p-adic mass scale range
labeled by the integer k0.

satisfy kmax ≥ k0 + n, n a small positive integer. This interpretation conforms with the general
view provided by zero energy ontology and the assignment of loop corrections with sub-CDs.

Figure 2 represents the ratio αemIm× Im(1/αem(p)) as a function of virtual photon mass for
p(k0) =

√
2xmk = 2−(k0−1)/2xm(CP2), k = 2, ..., 127, x ∈ {2−1/2, 2−1/4, 1}. Unless one assumes

that IR cutoff for loop momenta is larger than mass p, one encounters difficulties with unitarity
since the pole in the integral defining the inverse of the bosonic propagator induces imaginary
part to the normalization factor X of the propagator. In order to avoid obviously non-physical
predictions the condition Im(X)αem � 1 should hold true. For the model explaining the behavior
of the fine structure constant at p2 = 0 limit Im(X)αem does not satisfy this criterion as Fig. 5
demonstrates. The value of the imaginary part of normalization is typically 10 times larger than
that of real part.

3.6.2 Behavior of the fine structure constant for k0(p) < kmax option

Figures 1 and 2 allow to conclude that k0(p) < kmax is the only sensible option. Figure 3 illustrates
the evolution of the fine structure constant with the interpretation forced by the above findings
for masses pk =

√
2xmk0 = 2−(k−1)/2xm(CP2), k0 = 90, ..., 127, x ∈ {2−1/2, 2−1/4, 1} assuming

that kmax = 89 defining intermediate gauge boson mass scale defines the IR cutoff for the loop
momenta. The behavior approaches rapidly the behavior at p2 = 0 limit. The value of the ratio
is 0.9352 at electron length scale giving αem(89) = 128.1561 to be compared with the prediction
αem(89) = 128.1631 p2 = 0 limit. The value of the fine structure constant is somewhat larger
for p =

√
2m89 than for p2 = 0 as expected for U(1) coupling constant evolution involving only

fermionic loops.
From figure 3 it is clear that fine structure constant can become slightly negative at the upper

end of the half octave kmax − 2 for kmax = 89. This raises the hope that hyperbolic cutoff
and therefore the entire coupling constant evolution apart from corrections coming from bosonic
loops could be fixed from the condition that gauge couplings vanish at this point. The physical
interpretation for kmax would be that k0 > kmax + 1 zero energy states which are within the reach
of the measurement resolution whereas for k0 ≤ kmax+1 they correspond to quantum fluctuations.
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Figure 2: The graph represents the quantity Im(X)αem, where Im(X) is imaginary pole con-
tribution to the normalization factor of the inverse propagator for momenta pk0 =

√
2mk =

2−(k0−1)/2xm(CP2), k = 1, ..., 127, x ∈ {2−1/2, 2−1/4, 1} and assuming kmax = 127.

Figure 3: The evolution of the ratio r = αem/αem,pred(pk) for kmax = 89 as IR cutoff for loop
corrections and for momenta pk =

√
2mk = 2−(k−1)/2xm(CP2), k = 90, 127, x ∈ {2−1/2, 2−1/4, 1}.

3.6.3 Contribution of a given p-adic length scale to the fine structure constant

Figure 4 illustrates how the contribution X(k) from a given p-adic length scale k to the normal-
ization factor of the inverse of the fine structure constant depends on k for kmax = M127 and
p =
√

2 × 2−k0/2mCP2, k0 = 89 (this corresponds to the non-physical option) What is plotted is
the contribution to the quantity Re(1/αem(p))αem as a function of k. The contributions from neg-
ative and positive powers of u = cosh(η) to 1/alphaem(p) at given p-adic length scale k -including
the p-adic scale k0 corresponding to the momentum p of gauge boson, are of opposite sign and
tend to cancel each other.

Figure 5 illustrates αem/αem(p)) for the physical option kmax = 89, k0 = 107.
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Figure 4: The quantity X(k)αem characterizing the contribution from a given p-adic length scale
k to 1/αem(p) as a function of p-adic length scale k for IR cutoff kmax = 127 and p =

√
2 ×

2−k0/2mCP2, k0 = 89.

Figure 5: The quantity X(k)αem characterizing the contribution from a given p-adic length scale
k to 1/αem(p) as a function of p-adic length scale k for IR cutoff kmax = 89 and k0 = 107.

4 How quantum criticality could predict the evolution of
hyperbolic cutoff?

In this section the path leading to the recent view about how quantum criticality fixes hyperbolic
cutoff as a function of the p-adic scale k is described in detail. To help reader I have added a
summary about how ideas involved and led also to a more detailed understanding of what coupling
constant evolution really means. Also a connection with p-adicization and twistorialization using
Cutkosky rule based unitarization emerged during this process.

4.1 Summary about how ideas about quantum criticality have evolved

This chapter like all other chapters of books reflects much more the evolution of ideas rather than
its final outcome and a brief summary about what happened might minimize reader’s confusion.
The idea which led to the realization of what QFT limit of TGD could be is simple.
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1. Only fermions are fundamental particles in quantum TGD and bosons are fermion-anti-
fermion pairs with fermion and anti-fermion quantum numbers residing at the opposite 3-D
light-like throats of wormhole contacts which are surfaces possessing Euclidian signature of
induced metric and are glued to space-time sheets having Minkowskian signature of induced
metric. Feynman diagrams can therefore be understood in terms of space-time topology
and space-time metric. The interpretation of generalized Feynman diagrams differs dramat-
ically from that for stringy diagrams since vertices are points where light-like 3-surfaces join
together just like likes of ordinary Feynman diagram do. Stringy diagrams provide a space-
time correlate for the propagation of particle along two different routes followed by fusion
and interference.

2. Only fermions are fundamental fields in TGD. This suggests that gauge bosons, which have
components of induced spinor connection and projections of CP2 Killing vector field as clas-
sical geometric correlates, should emerge in some sense at QFT limit. In other words, the
action for QFT approximating TGD contains nothing but Dirac action coupled to gauge po-
tentials, and the bosonic action containing YM term plus infinite number of vertices defined
by closed fermion loops is generated radiatively. This approach leads to a generalization of
Feynman rules and in principle predicts all coupling constants and their evolution without
any input parameters except CP2 size and quantum criticality. p-Adic mass calculations
demonstrated already 15 years ago that one can understand the mysterious proton mass to
Planck mass ratio and elementary particle mass scales and even masses number theoretically.

3. An essential element of the approach is a formulation for UV cutoff. A cutoff in both mass
squared and hyperbolic angle is necessary since Wick rotation does not make sense in TGD
framework. By assuming a geometrically very natural hyperbolic UV cutoff motivated by
zero energy ontology one can understand the evolution of the standard model gauge couplings
and reproduce correctly the values of fine structure constant at electron and intermediate
boson length scales. Also asymptotic freedom follows as a basic prediction. Contrary to the
original beliefs propagator generates a mass term unless the hyperbolic cutoffs for time-like
and space-like gauge boson momenta are in a definite relation. One could criticize this relation
and argue that perhaps super-conformal symmetries might help to get the cancelation with
identical cutoffs. It seems that this is not the case.

The UV cutoff for the hyperbolic angle as a function of p-adic length scale is the ad hoc element
of the model in its recent form. How to formulate quantitatively the quantum criticality in terms
of the behavior of the hyperbolic cutoff as function of p-adic length scale became therefore the
basic problem and led what might like a numerics inspired random walk -or perhaps better to say
sleep walk - towards what I believe to the solution of the problem. During this kind of heavy
numerical calculations one realizes how important it would be to have a colleague replicating the
calculations. One can never be quite sure about signs and numerical factors.

1. The process gradually led to an improved understanding of the notion of coupling con-
stant evolution itself. The fermionic loop integral contains a propagator pole contributing
imaginary part to the inverse propagator and numerical calculations demonstrated that this
contribution is too large to be physically acceptable. Moreover, the sign of coupling strength
becomes negative for fermion masses above certain critical mass defining the IR cutoff for
the loop momenta. The only manner to avoid difficulties is to assume that loop momenta
are always below the p-adic mass scale associated with the momentum of the gauge boson.
The assumption eliminates the imaginary part of propagator and keeps coupling constant
strength positive. This also gives precise content to the notion of coupling constant evolution
since it assigns to the mass scape of p IR cutoff kmax such that for k > kmax coupling con-
stant strength is positive. A nice geometric interpretation is possible in zero energy ontology:
loop corrections corresponding to geometric details sufficiently smaller than the length scale
assignable to the mass squared.

2. The next idea was that perhaps one could fix the cutoff on hyperbolic angle (hyperbolic
cutoff) by some naturally occurring condition. The first guess was that the sign of the
coupling constant strength changes at either end of the p-adic half octave for the mass of gauge
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boson. The motivation to this idea could have come from the calculation of the momentum
at which the sign changes for the model reproducing physically reasonable coupling constant
evolution: at long length scales the sign indeed changes very near to the end of the half-octave.
Unfortunately this did not work.

3. The next guess was that the value of boson momentum at which the sign changes is as near
as possible to the end of the mass squared octave. Tedious calculations in a rather arctic
numerical environment demonstrated that one obtains a discrete set of coupling constant
evolutions but that the hyperbolic cutoff is increasing as a function of k rather than decreasing
as required by the coupling constant evolution in standard model. The increase can be
understood as a positive feedback effect: the vanishing of the inverse of the coupling constant
at given length scale requires a contribution, which increases as a function of the p-adic length
scale since the inverse of the coupling constant itself increases. The attempts to modify the
model to modify this behavior failed.

4. The next idea was that perhaps p-adic fractality helps to assign the change of the sign at
the ends of half octaves or to prime for which p-adic length scale is very near to that defined
by the end of the half octave (p ' 2k). p-Adic fractals were one of the first ideas about
p-adic physics and quite recently that also mathematicians have discovered them. They are
obtained by mapping reals to p-adics by the inverse of the canonical identification I (or a
proper variant of it) performing the arithmetics, and map the result back to reals by I. I had
not found any direct application except in the case of p-adic mass calculations where p-adic
mass squared is mapped to its real counterpart.

The guess was obvious. Express M-matrix element a function of standard Lorentz invariants
with dimensions of mass squared so that a very close connection with mass calculations is
obtained. Map the invariants to their p-adic counterparts using the inverse of I, carry out the
arithmetics defining the function in the p-adicity under question, and return to the reality
using I. Maybe this could allow to achieve the cancelation at the end of the p-adic octave for
mass squared. I do not believe this anymore but again a wrong idea led to what looks like a
real increase in the understanding of quantum TGD and how p-adic and real physics relate
at the level of M-matrix. One nice finding was that p-adic existence forces the loop masses
to be above the mass of virtual gauge boson forced by purely physical conditions. It however
seems that one must introduce transcendentals like log(2) and π so that an algebraically
infinite-dimensional and basically non-algebraic extension of p-adic numbers is unavoidable.

5. The p-adicization program for M-matrix involve a technical difficulty which led to a further
progress. It is not possible to perform loop integrals in the p-adic context. All loop integrals
must be carried out in the real context and the resulting functions must be p-adicized. For
the bosonic vertices defined as purely fermionic loops this is not a problem but the situation
changes for the expansion of the M-matrix involving both bosonic and fermionic lines inside
loops. The same problem is encountered in the twistorialization and the solution of the
problem is based on Cutkosky rules allowing unitarization of the tree amplitudes in terms of
TT † contribution involving only light-like momenta seems to be the only working option and
requires that TT † makes sense p-adically. This idea is actually very near to the original idea
that only light-like momenta appear in loops so that twistorialization is elegant. TT † indeed
allows interpretation in terms of loops so that I was not after all totally silly. The p-adic
existence of the analytic continuation of TT † by dispersion relations poses strong constraints
on otherwise not completely unique continuation.

6. After these steps I was mature to realize how to formulate quantum criticality in such a man-
ner that it could fix the hyperbolic cutoff and hence coupling constant evolution uniquely.
The fermionic loops defining bosonic vertices vanish when the incoming momenta are mass-
less. This is it! The condition emerges as a consistency condition: if the vanishing does not
occur for on mass shell bosons, one obtains T-matrix expressible in terms of analytic con-
tinuation of TT † and one does not have vertex identified as something irreducible anymore.
The condition is suggested also by quantum criticality: the vanishing of vertices is very much
analogous to the vanishing of higher functional derivatives of the action with respect to gauge
fields at criticality (or derivatives of the potential function in Thom’s catastrophe theory).
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Also the fact that only BFF vertex is fundamental vertex if bosonic emergence is accepted
suggests the conditions. The vanishing of on mass shell N-vertices gives an infinite number of
conditions on the hyperbolic cutoff as a function of the integer k labeling p-adic length scale
at the limit when bosons are massless and IR cutoff for the loop mass scale is taken to zero.
It is not yet clear whether dynamical symmetries, in particular super-conformal symmetries,
are involved with the realization of the vanishing conditions or whether hyperbolic cutoff is
all that is needed.

4.2 Searching for the solutions of criticality conditions

In the following criticality conditions are formulated more precisely and the results of the search
for their solutions are summarized.

4.2.1 A detailed definition of the criticality conditions

The general definition of criticality should conform with ak−b model for the coupling constant
evolution in the sense that a small deformation of this model should result from the quantum
criticality condition. Small deformation means that power law behavior should not be modified
considerably (the logarithm of hyperbolic cutoff should be linear in the logarithm of k) and the
normalization at small values of k should not change much. The evolution of fine structure constant
in the range kmax ∈ [89, 127] in turn fixes the value of a with high precision.

Before continuing it is convenient to introduce some notations. Let us denote by O(k) the half
octave associated with k containing momenta p = xmk = x2−k/2m(CP2), x ∈ [2−1/2, 1). Denote
by J(k, k − 1) the junction of O(k) and O(k − 1) containing the point p = mk. Define a distance
inside half octave as in music - that is as d in x = 2d−1/2 so that the d = 1/4 represents the middle
point of the half octave and points with d < 1/4 are nearer to the lower and those with d > 1/4
nearer to the upper end of O(k).

The detailed calculations of 1/αem(p, kmax) as a function of p = xmk0 in O(k0) in ak−b model
model demonstrate that the sign of 1/αem(p, kmax) becomes stably positive for k0 ≥ kmax + n,
where n depends on kmax. The conditions are summarized in the following. The criterion has been
that 5 values with distances d = (i− 1)/2Nmax) in O(kmax + nmax) are positive (Nmax = 4).

n(kmax) = 9 for 1 ≤ kmax ≤ 4 ,
n(kmax) = 8 for 5 ≤ kmax ≤ 8 ,
n(kmax) = 7 for 9 ≤ kmax ≤ 14 ,
n(kmax) = 6 for 15 ≤ kmax ≤ 22 ,
n(kmax) = 5 for 23 ≤ kmax ≤ 39 ,
n(kmax) = 4 for 40 ≤ kmax ≤ 71 ,
n(kmax) = 3 for 72 ≤ kmax ≤ 109 ,
n(kmax) = 3 for k mod 2 = 1& 110 ≤ kmax ≤ 134 ,
n(kmax) = 2 for k mod 2 = 0& 110 ≤ kmax ≤ 134 ,
n(kmax) = 1 for kmax ≥ 135 .

(4.1)

For instance, for kmax ≤ 4 one has n(kmax) = 9 and for k = 127 n(127) = 3. n(kmax) is
piecewise constant and monotonically decreasing as function of kmax except in the range [110, 134]
where one has n(kmax) = 2 for even values of kmax and n(kmax) = 3 for odd values of kmax.
Note that n(kmax) = 2, where oscillations set on corresponds to the p-adic length scale assignable
to deuteron. The length scale range in which oscillations occur is between hadronic and atomic
physics length scales.

Asymptotia is reached after kmax = 134 - which is between electron’s and atom’s p-adic length
scales - as n(kmax) changes from 2 to 1. Y = 1/αem(p, kmax) must vanish at the lower boundary
O(kmax) in the asymptotic region. The first prime in this range is k0 = 137 defining the p-adic
length scale of atom. Note that fine structure constant 1/αem ' 137 is the fundamental constant
of atomic physics and its value at electron length scale equals to Kähler coupling strength. .
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4.2.2 The behavior of the cutoff momentum as function of k

The attempts to realized the scenario for quantum criticality led to the question about the behavior
as a function of kmax of the cutoff momentum p at which the inverse of propagator vanishes.
If the propagator is continuous function of p this momentum should reside in the half octave
kmax + n(kmax.

The calculation of the momentum value at which the inverse propagator vanishes as a function
of kmax shows that above kmax = 61 the cutoff momentum p tends to be very near to the upper
end of the half octave for the ideal hyperbolic cutoff.

Figure 6: The graph represents the ratio p(k+n(k))/m(k+n(k)) of the critical mass to the p-adic
mass scale having variation range [1,

√
2]. Second graph representing n(kmax) demonstrates the

correlation between the two plots. The values of the calculated ratio at the upper end are not exact
since the convergence to the actual value, presumably equal to

√
2, is so slow that calculation does

not reach the zero in the available calculation time.

1. The first thing to notice is that there is strong correlation between the graphs of n(k) and
p(k + n(k))/m(k + n(k)).

2. The behavior of f(k) = p(k + n(k))/m(k + n(k)) brings in mind generalized 2-adic fractal
since it typically increases essentially linearly from a minimum value k0 up to maximum value
k0∆k at which the value is suddenly reduced. The values of ∆k appearing in the graph are
3, 4, 5, 7, 16, 21, 1. For k ≥ 73 the behave stabilizes to a 2-adic fractal for which odd values of
k correspond to minima and even values of k maxima probably equal to

√
2. The numerical

approach does not allow to tell whether this is the case. This means that the cutoff momenta
associated with even k and its odd follower are very nearly equal. Similar situation sharpens
at higher momenta and also when the end point is near 1.

3. The calculation for k ∈ [110, 134] gives n(kmax) = 3 for odd kmax and n(kmax) = 2 for even
kmax and f(k) = 1. For k = 135 n = 1 is established. This is an alternative mechanism
guaranteeing that the values of cutoff momentum are very near to each other. For large
values of kmax the

4. The corresponding powers 2∆k could also correspond to primes near them so that one would
have 2-adic fractality. The behavior of f(k) resembles population dynamics for which n(k)
serves as a control parameter with breakdown of population induced by the reduction of
n(k) n(k) would be analogous to a temperature like parameter whose decrease reduces the
population. Population however immediately adapts to the reduced value of the temperature.
Above k = 73 the dynamics becomes more like that of market economy and for large values
of k not shown in the graph situation stabilizes to that of minimum population.
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One might think that the change of the sign of the fine structure constant in apparently or
genuinely discontinuous manner at the end point of the half-octave is due to the logarithmic
singularity which moves from the range [1, umax] outside it u = umax and in this manner causes
discontinuity. This cannot be the case since the value of nmax is 3 or 2 and even large in the region
considered. At this moment the underlying mechanism is not understood.

This raises the question whether the phenomenon occurs only for the values a, b of the param-
eters of the model consistent with the coupling constant evolution. The emergence of p-adic mass
scales as preferred ones would of course be a fantastic support for the model. The experimentation
varying values of a (a = .1 and a = .2) however gives similar qualitative behavior at large values
of k. For instance, for a = .2 p is at either end of the half octave for kmax = 107, 108, 109.

One can wonder whether the hyperbolic cutoff quite generally correspond to either end point
of the half octave or a momentum given by p-adic mass scale as near as possible to the end point.
One can consider various forms of the hypothesis.

1. The critical momentum at which the amplitude vanishes is always at either end point of the
the half octave kmax + n(kmax). The following considerations demonstrate that this option
fails.

2. The zero of X = 1/αem(kmax) is as near as possible to either end point of the half octave
kmax + n(kmax)− 1. The technical formulation is as the condition that both X and ∂umax

X
vanish so that dumax/dp at curve X = 0 vanishes at criticality. This would mean kind of
fixed point property. This option predicts the increase of umax as function of kmax that is
asymptotic freedom for all bare couplings. If the value of hyperbolic cutoff is small enough
for kmax = 1, it could increase for small values of kmax and start to decrease somewhere
around kmax = 74. Since the behavior at long length scales reflects only the net contribution
from short length scales it might be possible to obtain consistency with the values of the fine
structure constant at electron and intermediate boson length scales.

3. A further option is that a discontinuous change of the sign and magnitude at the end point
- taking place for large values of kmax at least apparently - occurs quite generally. One
could also argue that the inverse of coupling strength must be non-vanishing at the cutoff
momentum to avoid the divergence of the propagator as momentum approaches this limit.
The attempts to realize this scenario as a small deformation of ak−b model however fail: it
turns that X for small values of k is continuous and preserves change sign at the end point
of the half-octave fixed by ak−b model.

4. The behavior of 1/αem(kmax, p) near critical momentum brings strongly in mind 2-adic frac-
tals or their generalization which might be called 2k-fractals. The characteristic feature
would be discontinuities at powers 2k. This behavior could be more or less equivalent with
p ' 2k-adic fractality. This raises the question whether the bosonic propagator should be
replaced with its fractal variant so that one would obtain discontinuities and even zeros of
1/αem(kmax) near or at the end points half-octave for a small deformation of ak−b model
and whether primes p as near to 2k as possible would emerge naturally in this manner.

In the following these options are discussed in detail.

4.2.3 The first model for the hyperbolic cutoff

Previous findings motivate the following concrete proposal.

1. Y = 1/αem(p, kmax) vanishes at the junction J(kmax + n(kmax), kmax + n(kmax)− 1) that is
for momentum p = m(kmax + n(kmax)) representing the maximum momentum in O(kmax +
n(kmax) if the point at which the sign changes in O(kmax + n(kmax) − 1) occurs is nearer
to this junction. If the sign changes nearer to the junction of J(kmax + n− 1, kmax + n− 2)
so that d > 1/4 for the point in question, the sign change should take place at J(kmax + n−
1, kmax + n− 2) so that one has p = m(kmax + n(kmax)− 1).

2. A more refined option for the identification of the cutoff momentum p would give a connection
with the p-adic length scale hypothesis. The junction could be replaced with the p-adic mass
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scale p =
√
qm(CP2) ∈ O(k) for prime q ∈ (2k−1, 2k) and as near as possible to the end point

of the half octave. One would have k = kmax+n(kmax or k = kmax+n(kmax−1 depending
on whether the point at which sign changes is nearer to m(kmax + n) or m(kmax + n − 1).
This would provide an additional flexibility possibly significant for small values of kmax where
small changes of the parameters affect dramatically the evolution of coupling constants in
longer length scales. This option would explain the special importance of Mersenne primes
and exclude Fermat primes. Note however that the primes in question are rather large and
dense already for kmax = 1: since the prime in question is around 210 the variation ∆p/p is
of order 2−10 as one moves from the end of the half octave to the nearest prime.

The computer code searching for the critical hyperbolic cutoff as a small deformation of the
cutoff consistent with coupling constant evolution has rather simple structure. Similar procedure
applies also if one assumes that the hyperbolic cutoff corresponds to a p-adic length scale near the
end point of the half octave.

1. The program proceeds from kmax = 1 one by one using the information obtained in previous
steps to find hyperbolic cutoff at given value of kmax as a small deformation of that predicted
by ak−b model.

2. At each step the program calculates the values of Y = 1/αem(p, kmax) for N points x(i) =
2−1/2+(i−1)/N , i = 1, N + 1 in the interval O(kmax + n(kmax) − 1), finds whether the sign
changes occurs near the lower or upper end, and selects cutoff momentum accordingly as
m(kmax+n(kmax)) or m(kmax+n(kmax−1). After this the program searches for two values
of hyperbolic cutoff for kmax such that the signs of Y for them are different and finds the
value of hyperbolic cutoff giving zero of Y by (say) interval halving.

This simple picture could fail and indeed seems to do it.

1. n(kmax) need not remain same when cutoff ak−b is replaced with the perturbed cutoff. Hence
it seems that one must regard n(kmax = 1) as an integer labeling different coupling constant
evolutions characterized by corresponding hyperbolic cutoff.

2. Preliminary calculations also support the conclusion that for physically sensible values of
hyperbolic cutoff for kmax = 1 the vanishing conditions can be satisfied for kmax = 1 and
kmax = 2 at the lower end of the interval O(kmax+n(kmax) but that already for kmax = 3 the
conditions fail. The reason is that the value of J(kmax+n(kmax), kmax+n(kmax)−1) is small
and positive and 1/αem(p, kmax) has positive minimum here so that zero is not possible. In
the junction J(kmax+n(kmax)−1, kmax+n(kmax)−2) 1/αem(p, kmax) is large and negative
and unrealistically large hyperbolic cutoff would be required.

These findings suggest a connection with the p-adic length scale hypothesis. In its strongest
form it however cannot help in the problem at hand.

1. In the spirit of criticality one can consider the hypothesis that the p-adic prime in question is
as near as possible to the zero junction but below the power of 2 characterizing it. The cutoff
momentum would thus correspond to the largest possible one for the curve Y (umax, p) = 0
in the p-adic half octave. In this manner a finite number of scenarios would result since
the parameters would be n(kmax) and the set of values of hyperbolic cutoff labeled by these
primes. For n(kmax = 1) = 9 these primes would belong to the upper half of the octave
[28, 29]. The list of these 25 primes is

367, 373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 479,

487, 491, 499, 503, 509 .

The problem of this option is that it allow in principle quite large number of alternatives since
for each value of kmax branching becomes possible unless one poses additional conditions such
as decrease of the hyperbolic cutoff.

2. J(kmax + n(kmax), kmax + n(kmax) − 1) for k = 3 corresponds to a minimum of Y =
1/αem(p, kmax) as a function of the hyperbolic cutoff umax. This inspires a refined hy-
pothesis attaching a genuine physical meaning to the preferred prime p(kmax) in accordance
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with the notion of criticality stating that coupling strength is extremum with respect to some
variable, most naturally the parameter umax. Thus the hyperbolic cutoff for a given kmax
would be such that Y vanishes for p(kmax) and is minimum (or possibly maximum) as a
function of umax or momentum p. The only natural choice is umax. Thus (Y = 0, umax, p)
could be interpreted as a fixed point of the coupling constant flow with respect to hyperbolic
cutoff.

3. The geometric picture would be following. The graph of Y as a function Y (p, umax) of
momentum p and hyperbolic cutoff umax is a 2-D surface, and the zeros of Y define a curve
X(p, umax) = 0 as the intersection of Y = 0 plane and the surface Y (p, umax) = 0. One
would have the conditions

Y (p, umax) = 0 ,

∂Y
∂umax

= 0 .
(4.2)

The constancy of Y along X implies the condition

∂Y

∂umax
+
∂Y

∂p

dp

dumax
= 0 .

(4.3)

along the curve X. Together these conditions imply that the extremum satisfies either of the
following conditions

∂Y
∂p = 0 or dp

dumax
= 0 . (4.4)

In the generic case both partial derivatives can vanish only in a discrete set of points in the
space spanned by Y, umax and p and the restriction to the plane Y = 0 makes the solution
set empty in the generic case. Thus the physically acceptable solutions would correspond to
the turning point of the curve X as du/dp changes its sign. The cutoff momentum would
thus be as near as possible to the upper end of the half octave. In the case that no turning
point exists, one can choose the umax to correspond to the end point of half octave so that
the original picture results as a special case.

4. If prime p(kmax) as near as possible to the minimum point p-adic length scale hypothesis is
realized. The really good (probably too good!) news would be that prime corresponds to the
exact minimum. This variational principle fixes coupling constant evolution to a high degree
even without the p-adic length scale hypothesis.

Several methods to find the zero of the derivative of Y with respect to umax have been tried
since the severe restrictions posed by the numerical environment require efficient calculations. The
fastest numerical realization for the search of umax found hitherto is based on the assumption of
differentiability. The idea is of course that differentiability allows to extract global information
from local information. For instance, interval halving method assumes only continuity and is much
slower. Differentiability means Y can be expanded as Taylor polynomial with respect to p for
a constant value of umax and vice versa. Repeated use of the numerically estimated first order
Taylor polynomial allows to find the zero of both Y and zero of its partial derivative with respect
to umax.

1. Fix the interval O(kmax + n(kmax)). By a guesswork find a value of umax for which the sign
of Y is different at the end points of the interval. Calculate the derivative of Y numerically
with respect to p at the lower end of the half-octave and approximating Y by first order
Taylor polynomial estimate the value of p at which Y = 0 holds true. At this point calculate
the derivative of Y again and repeat the estimate.
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2. To find the zero of derivative of Y with respect to umax at Y = 0 estimate numerically
first and second derivative of Y with respect to umax numerically and from the first order
Taylor polynomial for the first derivative estimate the value umax at which the first derivative
vanishes.

Note that there is a connection with renormalization group theory. The negative contribution
from the pole must compensate the contributions from shorter p-adic length scales, which them-
selves must cancel to a high degree. Certainly they can do it. The contribution from highest scale
would compensate the change of the contributions from shorter scales resulting from change of the
p-adic length scale of momentum. The vanishing conditions give kind of renormalization group
equation governing the stationary situation and states that the hyperbolic cutoff in scale kmax
must be such that its contribution cancels the change of the k < kmax contributions due to the
increases of the cutoff momentum. This condition is not not quite all since it only assigns to Y = 0
a definite value of p but leaves cutoff open. The vanishing of derivative gives additional condition.

4.2.4 About the results of preliminary calculations

Preliminary calculations carried out up to kmax = 9 lead to sinh(ηmax)(1) = 0.20600945079286
and to a value of hyperbolic cutoff which starts to gradually increase at kmax = 3 as the table
below shows. In the table the label ’cr’ refers to the cutoff implied by quantum criticality and ’id’
corresponds to the cutoff reproducing the coupling constant evolution.

kmax 1 2 3
cr 0.20600945079286 0.14741274374679 0.12231921784712
id 0.22050469512552 0.17501469250309 0.15288941641253
kmax 4 5 6
cr 0.12717022328504 0.13289051287886 0.13935265256642
id 0.13890925349465 0.12895192798125 0.12134841022403

kmax 7 8 9
cr 0.14687347939079 0.15423164581071 0.16257461579696
id 0.11527058427996 0.11025234756276 0.10600760059852

(4.5)

The increase can be understood as a positive feedback effect.

1. The calculation predicts n(kmax) = 9 for all kmax ≤ 9 whereas the ak−b model gives kmax = 8
for 4 ≤ kmax ≤ 7 and kmax = 7 for 8 ≤ 12. The problem must relate closely to the sticking
to a fixed value of kmax.

2. For a given kmax the contribution from kmax,i + n(kmax,i), kmax,i < kmax to Y for p in
O(kmax+n(kmax)−1) is positive unless one has nkmax < nkmax−1 in which case both values
of kmax give negative contributions. Hence the hyperbolic cutoff must increase in order to
produce large enough negative contribution.

3. By a judicious choice of sinh(ηmax)(kmax) having a discrete set of possible values in one-one
correspondence with different values of n(kmax), the feedback effect should become negative
and guarantee that n(kmax) approaches to unity fast enough. A sufficient reduction of the
starting point estimate for sinh(ηmax) for kmax ≥ 4 should induce a reduction n(kmax) and
allow a realistic evolution. Also the initial value sinh(ηmax)(1) might require changing to a
larger or smaller one.

The experimentation by varying the value of sinh(ηmax)(1) does not give encouraging results.
Hyperbolic cutoff begins to increase for all series listed below.
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k 1 2 3 4

sinh(ηmax(k)) 0.09660156250000 0.07527753426130 0.05642313113454 0.058050094309350
0.13951072443182 0.10638078636486 0.08206464660889 0.08475010008178
0.16883146306818 0.12598096859481 0.09976082012596 0.10329475255049
0.20600945079286 0.14741274374679 0.12231921784712 0.13890925349465
0.25472427728834 0.20217479286468 0.15842711440463 0.17679278339077

(4.6)

What could go wrong? These calculations are based on the assumption that the critical mo-
mentum is nearer to the lower end of the critical half-octave at which Y changes sign. p could be
however also nearer to the upper end of the critical half-octave. The most general option allows
both alternatives. If even and odd values of k correspond to different alternatives, the values of
critical momenta are near to each other and kmax contribution must compensate a contribution
from shorter scales which is as small as possible since it corresponds to the difference of the critical
momenta. This could allow to avoid the increase of sinh(ηmax)(k). At the next step the dis-
tance between momenta would be however nearly two octaves in the worst case unless the value
of nmax is reduced by unity and this could induce to the increase of the cutoff. Only numer-
ical experimentation can tell whether this option works. The experimentation with the option
sinh(ηmax(1)) = 0.20600945079286 yields disappointment. For instance, the value of cutoff can be
reduced for kmax = 4 but it returns back to the earlier value at kmax = 5.

The increase at small values of kmax need not be a catastrophe as I thought first.

1. The increase of umax as function of kmax is asymptotic freedom for all bare couplings and
this is in accordance with GUT type thinking.

2. As already found, at large values of kmax the calculations show that critical momenta corre-
spond to end points of the half-octaves for ak−b model so that the decrease of the hyperbolic
cutoff conforms with criticality. For instance, for a = .20, b = 1/3 the lower end of the
half-octave corresponds to the zero X in the range kmax = 89, ..., 91 (I have not checked how
long interval gives the same result).

3. If the value of hyperbolic cutoff is small enough for kmax = 1, it could increase for small
values of kmax and start to decrease for some value of kmax < 89. Since the behavior at
long length scales reflects only the net contribution from short length scales, it might be
possible to obtain consistency with the values of fine structure constant at electron and
intermediate boson length scales. Unfortunately the numerical calculations are very slow
with the computer resources available so that it takes time to check this.

The calculations done for the option sinh(ηmax(1)) = 0.09660156250000 up to kmax = 29 are
not encouraging in this respect.

The growth of the hyperbolic cutoff is in good approximation exponential with a slowly in-
creasing rate parameter r. At certain value of r starts to increase rapidly as the figure 4.2.4
demonstrates. This kind of behavior is definitely non-physical.

Could one consider any cure to the situation? As already noticed, the relationship between
the time-like and space-like hyperbolic cutoffs forced by the cancelation of the radiative mass is
number theoretically cumbersome, and it might be that super-conformal symmetry or some more
general symmetry could guarantee the cancelation of the radiative mass just as space-time super-
symmetry does this in SUSYs [B4] . This would allow the time-like and space-like cutoffs to be
identical and affect considerably the loop corrections since space-like corrections would dominate
and one would expect behavior of the hyperbolic cutoff to be roughly a/k rather than ak−1/3. At
this moment it is not possible to do any quantitative calculations in this respect without making
simplifying ad hoc assumptions.

4.3 Could p-adic fractality solve the problems?

The above described proposals for how quantum criticality could fix coupling constant evolution
in a manner consistent with ak−b model might fail. The fundamental observation is that critical
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Figure 7: The hyperbolic cutoff sinh(ηmax(k)) for the model of criticality with sinh(ηmax(1)) =
0.09660156250000 assuming that critical momentum corresponds to the vanishing of both 1/αem
and ∂umax1/αem so that critical momentum as near as possible to an end point of half octave.

Figure 8: The ratio r = cut(k + 1)/cut(k) for the hyperbolic cutoff cut(k) ≡ sinh(ηmax(k)) as
function of k for three values of cut(1) is in reasonable approximation constant so that cut(k)
increases exponentially. For certain critical value r begins to increase rapidly.

momenta correspond to an end point of the half octave for large values of k automatically and
2k-adic behavior and discontinuities at the end point of the half octave emerges naturally at this
limit. The obvious question is whether and how could one generalize this behavior. Superconformal
invariance and some more general symmetry has been already mentioned. Or should one perhaps
replace the inverse propagator with p-adic fractal to obtain discontinuities or perhaps even zeros
at the end points of half-octaves for all values of kmax? p-Adic thermodynamics in which mass
squared and probabilities are p-adic valued and mapped to their real counterparts by canonical
identification [K11, K8] indeed suggests an approach based on p-adic fractalization. One can
imagine several variants of this fractalization.

1. One could replace inverse propagator as a function of mass squared with its p-adic frac-
tal variant obtained by the fractalization procedure meaning the replacement of p2 (mass
squared) with its 2k-adic variant in the argument of 1/αem(kmax), the replacement of ordi-
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nary algebraic operations with their 2k-adic or p-adic counterparts and the mapping of the
resulting p-adic valued function back to the reals by the inverse of the canonical identifica-
tion. The proposed model yielding the real propagator would remain an exact part of the
model. The problem is that p-adicization respects the zeros of function so that the zeros of
1/αem(kmax) would not be shifted to the end points of half-octaves.

2. The loop integral for a given half octave O(k), 1 ≤ k ≤ kmax, is the basic building block of
1/αem(kmax). This suggests that it is these contributions which are 2k-adicized or p-adicized
for p ' 2k. The sum over these contributions carried out using 2k- or p-adic arithmetics
would bring in the fractality. This would make possible to shift the zeros near the end points
of the half octave with a proper choice of hyperbolic cutoff or even the replacement of zeros by
discontinuous change of sign. If the detailed fractalization recipe is such that for large values
of 2k or p real topology results in a good approximation, a consistency 2k-adic fractality
suggested near cutoff mass also by the number based real approach for large values of kmax
is obtained.

3. One could also consider the option in which one performs p-adic fractalization for the inte-
grand appearing in the loop integral. This option however means quite a dramatic departure
from the original model. For instance, the relationship between time-like and space-like hy-
perbolic cutoffs are lost guaranteeing masslessness would be lost. Also the definition of the
p-adic variant of the momentum space represents a non-trivial challenges and one should
treat mass squared and hyperbolic angle and other angles in non-symmetric manner in or-
der to avoid the loss of Lorentz invariance. If all these coordinates are p-adicized there is
algebraic interaction between all of them and hopes about reasonably simple numerics are
lost. Already these reasons are enough to not consider this option. A further generalization
would be the replacement of the real loop integral by its possibly existing p-adic variant but
the non-existence of satisfactory definition of p-adic definite integral is discouraging.

4.3.1 The general recipe for p-adic fractalization

p-Adic fractals are obtained by replacing real analytic function fR(x) with integer valued coeffi-
cients with its p-adic variant fp(x). One maps first the argument xR to its p-adic variant xp by the
inverse I−1 of the canonical identification, calculates f(xp) interpreted now as p-adically analytic
function, and then maps the f(xp) to a real number (f(xp))R by I. Since I does not commute
with arithmetic operations, one obtains a fractal which has typically discontinuities at powers of
p. By suitably generalizing the notion of canonical identification one can consider also functions
for which the coefficients of Laurent series are rational numbers. Allowing algebraic extensions of
p-adic numbers one can consider also algebraic coefficients.

Canonical identification allows several variants.

1. The simplest variant of a p-adic fractal is obtained by using the rule
∑
xnp

n → fp(x) =∑
xnp

−n to map p-adic numbers to their real counterparts in a continuous manner. The
inverse of the canonical identification is unique for numbers of form 2kn, n a finite integer.
If n is p-adic integer infinite as a real integer the inverse image of its image is two-valued.
This corresponds to the fact that the pinary expansion for real numbers is not unique when
the number of pinary digits is infinite(for instance −1 = (p − 1)(1 + p + p2...) and 1/p are
mapped to same real point p in canonical identification).

2. Canonical identification is continuous but does not commute with the basic arithmetic oper-
ations since in general one has (x+ y)R 6= xR + yR and (xy)R 6= xRyR). For integers smaller
enough than p one has however commutativity so that addition and multiplication and also
subtraction if it does not produce negative number commute in approximate sense with I.

3. One can consider also a canonical identification based on writing 2-adic expansion in the form
x =

∑
xnp

nk, xn =
∑k−1

0 ynrp
r. This map maps all integers smaller than pk to itself. One

might speak of pk-adic fractal in this case. Effective p-adic topology could be interpreted
in terms of 2k-adic fractality since 2k-adic thermodynamics and p-adic thermodynamics for
for p ' 2k give very similar predictions for particle masses. p-Adic length scale k could
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correspond to the canonical identification labeled by k and at long length scales ordinary
topology would gradually establish itself.

4. The problem of the simplest variants of canonical identification is that they do not respect
even approximately real division: except in special cases I(m/n) does not have much to do
with I(m)/I(n) if one expresses m/n as an infinite series in powers of p as is always possible.
Physically I(m/n) ' I(m)/I(n) property would be however desirable approximately at least.
The modification of the canonical identification respecting this property is based on the
unique representation of the rational number as q = m/n (m and n have no common factors)
and the definition of the canonical identification as q → I(m)/I(n). Here also pk-adic variant
of I could be used so that rationals with m < pk,n < pk would be mapped to rationals. In
this manner canonical identification could be generalized to functions f(x) for which Laurent
series has rational valued coefficients. Also algebraic coefficients are possible if algebraic
extensions of p-adics are allowed.

5. The arithmetic operations on p-adic side - sums in the recent case - should be performed in
such a manner that the outcome is a rational number mapped to real side by the inverse of the
variant of canonical identification used. This is possible in a unique manner if pinary cutoff
for the expansions in powers of p is introduced. Also the fact that infinite series in powers of
p appear makes pinary cutoff necessary. The sum of the contributions from different p-adic
half-octaves would reduce to sums of rationals and could be carried out in standard manner
by forming a common denominator as a product of denominators. The representation as
a generalized rational in which m and n are p-adic integers infinite as real integers is not
unique since m/n can be always represented as an infinite integer when n is not divisible by
p. The recipe for forming sums of rationals by forming common denominator would formally
work but in practice pinary cutoff is unavoidable in any case.

6. A conceptual problem related to the canonical identification is that it is not general coordinate
invariant concept so that one encounters potential problems with symmetries. In the recent
case however only mass squared defines a unique coordinate as Lorentz invariant and one
circumvents this kind of problems.

7. Canonical identification maps all p-adic numbers to non-negative ones and minus sign has
no natural p-adic counterpart so that p-adic fractalization of functions having also negative
values requires a special care.

(a) The first problem is that it is not clear how to map negative real numbers to their
p-adic counterparts. In the recent case however absolute value of p2 appears as the
argument of the propagator so that this is not a problem. If one just takes the real
analytic function with rational Laurent series and interprets it as its p-adic variant,
canonical identification gives always a non-negative real function. For the inverse of
the propagator one does not encounter this problem for physical values of p since non-
negativity dictates the cutoff momentum. On the other hand, p-adicization would yield
a non-negative value of 1/αem everywhere and one could consider the possibility that
this could be the deeper reason why for the p-adic fractalization. p-Adic fractalization
might take place also in the confinement phase transition in which the coupling strength
becomes negative in QFT based on real topology for mass squared.

(b) One could also separate the sign of real function by decomposing the domain of definition
to regions in which the function has definite sign. The absolute value of the function
could be mapped to its p-adic counterpart and mapped back by canonical identification
in this approach. This kind of separation of sign factor is carried out also in Lebesque
integral.

8. Imaginary unit is also a potential problem, which is however absent if the physically un-
avoidable momentum cutoff eliminating pole contribution to the propagator is posed. For
p mod 4 = 3 imaginary unit can be introduced via an algebraic extension and it is natural
to map real imaginary unit to its p-adic counterpart in this case. For p mod 4 = 1

√
−1

however exists as a p-adic number and the real image of the p-adicized complex function is
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real function in this case so that it seems that one must pose the condition p mod 4 = 3 or
treat the real imaginary unit just like minus sign.

4.3.2 p-Adic fractalization of propagator

The first rough sketch for the criticality realized in terms of p-adic fractalization would be as
follows.

1. One begins from the analytic expression for the contribution from the half-octave k ≤ kmax,
maps momentum p to p-adic number by I−1, replaces the contribution with its p-adic variant,
performs the p-adic summation of the contributions with various values of k and maps the
result to reals by I. For a given value of kmax 2kmax+n(kmax)-adic fractalization based on
I(m/n) = I(m)/I(n) takes place. Alternatively, p-adic fractalization with p ' 2kmax+n(kmax)

is carried out.

2. Hyperbolic cutoff as a function of kmax is required to be such that the cutoff momentum p
is at the either end of the half-octave. Stronger condition would be that 1/αem vanishes at
the end of the interval.

3. As far as numerics is considered, the new element is the replacement of the analytic repre-
sentation of the loop integral for given value of k with its p-adic variant. This representation
exists with certain restrictions on the values of p/mk.

(a) Integrals of rational functions with integer coefficients are in question and give rational
functions and logarithms. In the case of logarithms problems are encountered unless
one can reduce everything these functions to log(1 + x) existing p-adically for |x|p < 1.
One must of course introduce log(2) since the asymptotic contribution is proportional to
log(2). Also π must be introduced the extension of p-adic numbers infinite-dimensional
in the algebraic sense. These restrictions might well force the p-adic momentum cutoff
number theoretically.

(b) The inspection of the formulas for the integrals involved shows that for momenta in the
region where one cannot expand the logarithms of integrands as power series the loga-
rithms make the situation very complex. This provides number theoretic justification
for the introduction of the cutoff of loop momenta larger than the virtual mass of gauge
boson. It also eliminates the non-physical imaginary pole contribution and one gets rid
of the problems posed by the negative values of the propagator.

(c) In the asymptotic region where xk,r = 2−r× (p/m(kmax)), r ∈ {1/2, 1} (p denotes mass
here) is small both in real and p-adic sense, the situation is relatively simple. p2 is
indeed of order O(p) or O(2kmax+nkmax) p-adically so that this condition is satisfied. If
powers of umax and xk,r exist p-adically, various rational integrals exist p-adically. Also
log(umax) must make sense p-adically and umax = 1 +O(p) is the minimal requirement
guaranteeing this. At least

√
2, log(2), and π must belong to the extension of p-adic

numbers used. For a genuinely p-adic topology the cutoff hierarchy depends on p-adic
prime p but for 2k-adic case cutoff hierarchy is same for all values of k so that 2k-adicity
looks a more appropriate option.

4. The basic challenge is the summation of the contributions from different value of kmax. For
suitably chosen cutoffs this might be possible to carry out analytically and the condition that
this is possible might be part of quantum criticality. The condition that the contribution is
a function of p/mk with rational or at most algebraic coefficients is expected to pose strong
conditions on the form of the hyperbolic cutoff as function of kmax.

4.3.3 p-Adic fractalization of the entire perturbation theory?

p-Adic fractalization works also for the vertices and would mean the mapping of the various
contributions to the n-point function to their p-adic counterparts, performing the summation, and
mapping the result back to the reals by I. If all contributions depend on Lorentz invariants such
as sij = (pi− pj)2 and εi · pj , p-adic fractalization can be carried out in Lorentz invariant manner.
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The invariant mass squared sU for any subset U of particles defines this kind of invariant and sU is
same for a subset and its complement so that for Ni → Nf scattering there are 2Ni+Nf−1 invariants
of this kind. The set of these invariants and thus canonical identification is unique. The entire
perturbation series for the coefficients of Lorentz invariant form factors could be replaced with
its p-adic variant with summation over various contributions carried out using p-adic arithmetics.
Unless one treats separately the minus sign and imaginary unit, the resulting amplitudes would be
non-negative numbers and interference effects would occur at the p-adic level only.

There is an objection against this picture. One can speak about interference in real and p-adic
sense. How does one know which sums appearing in perturbation theory are carried out at the real
side and which sums are performed at the p-adic side? An illustrative example is F → BF → F
loop diagram contributing to the fermion propagator. The integral must be carried at the real
side. What bosonic propagator should one use? The real propagator or its p-adic fractal variant?
If p-adic fractal variant is used, a problem is caused by the fact that it does not have any nice
analytic expression and the effect of canonical identification is not on an analytic function. Hence
it would seem that one must calculate the basic building blocks n:th order contribution at the
real side and then p-adicize. Hence p-adicization would be applied to the bosonic propagator itself
rather than to the contributions from different p-adic length scales and one would lose the original
motivation for the p-adic fractality.

Loops are also the basic problem of the twistor approach since the particles in the loops are
massive and twistorialization for them is not elegant. The unitarization using Cutkosky rules
meaning the addition of TT † term to the tree amplitude however allows twistorialization since
loops are avoided completely and only light-like momenta are involved. This procedure could used
also to perform p-adicization and p-adic fractalization. Fermionic loops giving the vertices could be
calculated in the real context and continued to the p-adic side. p-Adicization works for T-matrix
if TT † allows it. The same procedure would make possible twistorialization, p-adicization, and
p-adic fractalization.

A more radical possibility is that the loops associated with the T -matrix vanish if the incoming
and outgoing particles are on mass shell so that only tree diagrams contribute to T -matrix. The
interpretation would be in terms of quantum criticality. Also in this case one must however
include TT † contribution to guarantee unitarity since the cutoff on loop momenta implies that the
corresponding contribution to the discontinuity of T vanishes. Therefore this approach seems un-
necessarily complicated and leads to conditions which are very probably too strong. The vanishing
of the N-vertices defined by fermionic loops for on mass shell bosons however makes sense and could
be interpreted as a precise quantitative realization of quantum quantum criticality and bosonic
emergence. This condition has also generalization to massive case and also to full quantum TGD.
In the following both these options are discussed in more detail.

4.3.4 What about unitarity?

One criticism of the proposed vision is that the realization of unitarity in terms of Cutkosky rules
do not seem to be consistent with the cutoff for loop momenta. In the following various options
for defining unitary S-matrix are considered.

1. Feynman graphics for zero energy states

1. In negative energy ontology standard view about Feynman graphics can be expressed as the
rule

T+− = T+−×̂T+− . (4.7)

Here ×̂ is product involving sum over virtual momenta restricted only by the p-adic cutoffs
on mass squared and hyperbolic angle. There is analogy with projection operator for the
extended product ×̂ but with incoming and outgoing momenta restricted to on mass shell.

2. Cutkosky rules can be expressed as
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Disc(T+−) = T+−T+− , (4.8)

where the latter product is over on mass shell states with a given particle number in the
intermediate state. Cutkosky rules imply that unitarity does not depend on the values of
coupling constants and is much stronger condition than mere unitarity. Quantum criticality
however requires special values of coupling constants so that either Cutkosky rules fail or
some additional conditions emerge.

3. The application of Cutkosky rules to the above expression however yields a cold shower since
the p-adic cutoffs for the loop momenta imply that the discontinuity vanishes. The only
manner to guarantee unitarity is by adding the TT † contribution from massless intermediate
states by hand as is done in the unitarization of twistor diagrams. This in turn make it un-
necessary to introduce other than on mass shell loops and the original idea that loop momenta
are light-like [K14] is realized. This method also allow p-adicization and p-adic fractalization
if TT † contribution makes sense p-adically. Skeptic reader can of course wonder why p-adic
effective topology in momentum space would be needed. For p-adic mass calculations the
answer is clear but for T-matrix far from so.

4. The p-adic fractal variant Tp of real T -matrix satisfies unitarity conditions in standard form
only if the condition

(TT †)p = TpT
†
p (4.9)

holds true. The simplest possible toy example about the conditions is the product of two
p-adic integers x =

∑
xnp

n and y =
∑
ynp

n. xpyp = (xy)p for the simplest form of canonical
identification only if the conditions

∑
m≤n xn−mym < p holds true. It could be possible to

satisfy unitarity conditions with a suitable cutoff for pinary digits for the canonical identifi-
cation used, at least in the measurement resolution used.

5. Could also fermionic loops be defined in terms of Cutkosky rules? If so, one could not
introduce cutoffs and could not understand coupling constant evolution in the proposed
manner. There is also another objection against this picture. In the case of massless particles
the rate r(B → FF ) in which all momenta are collinear would define the absorptive part
whose continuation would define the inverse of the bosonic propagator but only at mass shell
where the propagator vanishes. This would mean the vanishing of r which might make sense
due to the extremely singular kinematics. Hence this approach fails.

6. The vanishing of N-vertices for on mass shell momenta of incoming bosons would however be
a natural condition fixing the hyperbolic cutoff since otherwise one should add unitarizing
contribution and would not have a genuine vertex anymore. The vanishing of all vertices
except BFF vertex on mass shell would also conform with the fact that Dirac action defines
the entire theory. One testable implication of the vanishing condition is the prediction that
the box diagram for 2→ 2 scattering of gauge bosons vanishes and the scattering amplitude
corresponds to the absorptive contribution to the annihilation of two gauge bosons to two
fermion and anti-fermion.

7. Furry’s theorem states that fermionic loops vanish for odd number of external photons irre-
spective of whether they are on or off mass shell. Furry’s theorem follows from the oddness
of the photon under charge conjugation implying that vacuum expectation involving odd
number of photon fields vanishes. At the Feynman diagram level the theorem follows from
the formulas CγµC−1 = −γµ and CDF (x1, x2)C−1 = DF (x2, x1) allowing to show that
diagrams with different orientation of fermionic lines contribute with opposite signs for a
odd number of external photons (there is sum over the diagrams obtained by the permuta-
tion of vertices along the loop with one vertex fixed). Furry’s theorem does not hold true
for fermionic loops involving odd number of non-Abelian gluons since the permutation of
boson vertices involves also permutation of charge matrices and vanishing occurs only if
Tr(Ta1Ta2 ...Tan) = Tr(TanTan−1 ...Ta1) holds true.
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8. If the N-vertex reduces to a sum of terms for which at least one of boson legs,- say the ith one
is proportional to pµi , vanishing occurs when all bosons are on mass shell. Non-abelian gauge
boson vertices do not vanish on mass shell so that a form factor guaranteeing the vanishing
of this kind of vertices must be present and should be induced by dynamical symmetries of
some kind implying that the on mass shell bosonic action effectively reduces to that of a free
Abelian YM theory.

9. One can hope that the hyperbolic cutoff alone could guarantee this miracle. p2
i = 0 limit

corresponds to asymptotia as far as the hyperbolic cutoff as a function of the p-adic mass scale
labeled by k is considered. The weak form of the condition would state that the vanishing
takes place only at the limit when the IR cutoff for the loop mass scale approaches zero -
that is at the limit kmax → ∞. The contributions from various p-adic mass scales would
sum up to zero at this limit for any N-vertex. The resulting infinite set of conditions could
fix hyperbolic cutoff as a function of k. The fact that the loops involve both gluons and
electro-weak gauge bosons strengthens the conditions further.

The form of the condition consistent with finite measurement resolution would state that
on mass shell N -vertices vanish for any value of kmax up to some maximum value Ncr
depending on kmax. Ncr(kmax) would be analogous to the order of perturbation theory and
correspond to the maximal number of internal propagator legs. It would also characterize
the measurement resolution.

4.3.5 What could be the role of super-conformal and more general symmetries?

The argument, which eventually led to p-adic fractality and vanishing of loops as a realization
of quantum criticality started from the working hypothesis that 1/αem vanishes at a point which
is as near to either end of the p-adic half octave as possible. This ad hoc assumption might be
wrong and must be replaced with much more general assumption that vertices vanish for on mass
shell gauge bosons. The cancelation of the vertices should be based on some general mechanism.
Hyperbolic cutoff is the possibility already considered but symmetries is what would be the first
guess in the framework of standard QFT.

1. Is it necessary to have different hyperbolic cutoffs for time-like and space-like momenta?

In the proposed model for the hyperbolic cutoff the cancelation of the mass term in the bosonic
propagator fixes the relationship between time-like and space-like hyperbolic cutoffs. This approach
did not predict a realistic evolution of the hyperbolic cutoff in the purely real context. One could
hope that p-adic fractalization could help to resolve the problem.

The question is whether mere dynamical gauge symmetry could guarantee the vanishing of the
vertices when incoming bosons are massless and have physical polarizations so that loop contribu-
tions would involve p2

i and εi · pi factors. If the vanishing for on mass shell momenta were implied
by symmetries and would not occur for off mass shell particles, hyperbolic cutoff would become
un-necessary and one could have the picture of standard quantum field theory. Also the fermionic
loop defining the inverse of the gauge boson propagator should cancel for p2 = 0 as it indeed does
by its p2-proportionality.

Dynamical super-conformal or gauge invariance should force the vertices to be proportional to
the product f

∏
i(p

2
i ) with f(p2

i ) = 0, where pi are the momenta for the incoming and outgoing
particles. Vertices other than BFF would be non-vanishing only if some bosons are off mass shell.
If this kind of vertices are to mimic the vertices of YM theory, they should be slowly varying:
for instance,

∏
i(1/log(p2

i /M
2)) proportionality of N-vertices would give hopes about this kind of

mimicry. Maybe massless quarks and gluons inside hadrons are effectively non-interacting because
vertices vanish for on mass shell massless particles whereas massivation for the electro-weak gauge
bosons by symmetry breaking would make electro-weak vertices non-trivial.

2. Superconformal invariance replaces space-time supersymmetry in TGD framework

1. One of the most beautiful predictions of SUSY gauge theories [B4] is the cancelation of the
leading order corrections to the mass of the scalar particle whereas logarithmic corrections
do not vanish and could be finite in N = 4 SUSY.
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2. In TGD framework there are reasons to believe that space-time supersymmetry is replaced
by super-conformal symmetry so that sparticles are not quite what they are in SUSY gauge
theories. Sparticles would be obtained by adding to the state a right handed neutrino moving
in a non-trivial color partial wave so that sparticles in the sense of the minimal supersymmetry
standard model (MSSM [B1] ) would not be present. There would be an infinite tower of
these colored excitations. In fact, the allowed parameter space for MSSM has been shrinking
continually [C1] and challenges MSSM as a generalization of the standard model.

3. The notion of finite measurement resolution realized in terms of inclusions of hyperfinite
factors of type II1 [K15, K5] leads to the proposal that there is infinite hierarchy of dynamical
gauge symmetries and that the super-conformal variants of these symmetries could act as
Super Kac-Moody type dynamical symmetries and leave physical states invariant.

3. Could dynamical symmetries make possible non-trivial bosonic vertices vanishing for on
mass shell momenta?

The question is whether super-conformal sfermions associated with some dynamical gauge sym-
metry possibly related to the finite measurement resolution and HFFs could allow non-trivial
bosonic vertices vanishing for on mass shell momenta.

1. There should be a force binding right handed neutrino and fermion together. This would sug-
gest that right handed neutrino and fermion are colored and the force acts between wormhole
throats which corresponds to a deformation of CP2 type vacuum extremal possessing induced
metric with Euclidian signature. Since the addition of a possibly colored right handed neu-
trino would transform particle to sparticle in TGD, sfermions in TGD framework are not
what they are in SUSYs. Squarks would be leptoquarks containing right-handed neutrino
and sleptons would involve a contraction of M4 or CP2 gamma matrices with some natu-
rally occurring classical vector field. Candidates for this kind of vector fields emerge in the
formulation based on modified Dirac action.

2. Unless one is ready to modify the original idea about bosonic emergence, the only logical
manner to define the propagator associated with the bosonic super partners of the fermion
is in terms of a fermionic loop in which the vertex contains a projector to the right handed
neutrino spinor and a matrix responsible for the spin structure of the state at imbedding
space level. The contribution to the gauge boson propagator from these states is higher
order loop contribution and should vanish at p2 = 0 limit by the general vision. Hence
the introduction of super partners would not help to get rid of the radiatively generated
gauge boson mass. Note that this definition of sfermion propagators treats super-partners
differently and is therefore inconsistent with the notion of super symmetry. Dynamical and
probably broken super-conformal symmetry could be in question.

3. One can imagine also sfermions for which fermion and right handed neutrino reside at the
same wormhole throat rather than opposite wormhole throats. Also now color force could
guarantee stability of the state so that colored super-conformal generators with quantum
numbers of right handed neutrino would be involved as also colored fermions. In this case
one could argue that the propagator is just a scalar or vector propagator at the fundamental
level. Note however that gauge invariance might cause difficulties if vectorial super-partners
are allowed. If the coupling of the gauge boson to the sfermion candidates boils down to the
standard coupling of a gauge boson to a scalar field, one obtains A · p and A ·A couplings for
scalar super partner and only the first one contributes to the gauge boson propagator. The
contribution is automatically proportional to p2 for scalar superpartner and presumably also
for spin one super-partners. Since no contribution to gauge boson mass appears, the relation
between the time-like and hyperbolic cutoffs would remain the only possible manner to guar-
antee the vanishing of gauge boson mass and hyperbolic cutoff would be indeed fundamental
for the understanding also the dynamical symmetry guaranteeing the cancelation of loops.

4. Somewhat disappointingly, it would seem that the contribution of the superpartners to the
inverse of the propagator can affect only the evolution of the hyperbolic cutoff if determined
by the condition that critical momenta for which 1/αem vanishes are as near as possible to
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the end points of the half octave, and one might hope a physically sensible prediction for
the coupling constant evolution. What would be needed would be the transformation of the
positive feedback loop to a negative one so that hyperbolic cutoff could decrease. Sfermion
couplings should transform the increase of the coupling constant strength as a function of
p-adic length scale characteristic for asymptotic freedom to a decrease.

To sum up: quantum criticality, bosonic emergence, number theoretic universality, p-adic frac-
tality, and twistor program seem to be very intimately inter-related in TGD Universe. Less clear
is whether dynamical super-conformal symmetries related to finite measurement resolution and
hierarchy of HFFs are involved. Needless to say, the overall situation is far from crystal clear
at this moment. The great question marks are whether the hyperbolic cutoff could be avoided
by symmetries and if not - whether the choice of hyperbolic cutoff is fixed by the condition that
N-vertices vanish at the limit when bosons are massless and IR cutoff for loop mass scale is taken
to zero. Recall that the argument, which eventually led to p-adic fractality and vanishing of loops
as a realization of quantum criticality started from the working hypothesis that 1/αem vanishes at
a point which is as near to either end of the p-adic half octave as possible. This somewhat ad hoc
assumption can be replaced with much more general assumption that the fermionic loops defining
the vertices vanish for on mass shell bosons.

5 Further progress

6 Further progress

6.1 Could supersymmetry make momentum cutoffs un-necessary?

Super symmetric QFTs (SUSYs) are much more well-behaved that ordinary gauge theories as far
as divergences are considered. This raises the question whether supersymmetry could allow to get
rid of the momentum cutoffs in the loop integrations defining the bosonic propagators.

Contrary to the original expectations, TGD seems to allow a generalization of the space-time
super-symmetry. This became clear with the increased understanding of the modified Dirac action
[K2, K4] . The introduction of a measurement interaction term to the action allows to understand
how stringy propagator results and provides profound insights about physics predicted by TGD.
Also an old anomalous particle production event [C3] that I learned of in the blog of Tommaso
Dorigo [C2] having interpretation in terms of super-symmetry forced to reconsider the possibility
of space-time super-symmetry in TGD [K9] .

The appearance of the momentum and color quantum numbers in the measurement interaction
couples space-time degrees of freedom to quantum numbers and allows also to define SUSY algebra
at fundamental level as anti-commutation relations of fermionic oscillator operators. Depending
on the situation N = 2N SUSY algebra or fermionic part of super-conformal algebra with infinite
number of oscillator operators results. The addition of fermion in particular mode would define
particular super-symmetry. Zero energy ontology implies that fermions as wormhole throats corre-
spond to chiral super-fields assignable to positive or negative energy SUSY algebra whereas bosons
as wormhole contacts with two throats correspond to the direct sum of positive and negative energy
algebra and to fields which are chiral or antichiral with respect to both positive and negative energy
theta parameters. This super-symmetry is badly broken due to the dynamics of the modified Dirac
operator which also mixes M4 chiralities inducing massivation. Since right-handed neutrino has
no electro-weak couplings the breaking of the corresponding super-symmetry should be weakest.

The question is whether this SUSY has a realization as a SUSY algebra at space-time level and
whether the QFT limit of TGD could be formulated as a generalization of SUSY QFT. There are
several problems involved.

1. In TGD framework super-symmetry means addition of fermion to the state and since the
number of spinor modes is larger states with large spin and fermion numbers are obtained.
This picture does not fit to the standard view about super-symmetry. In particular, the iden-
tification of theta parameters as Majorana spinors and super-charges as Hermitian operators
is not possible.
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2. The belief that Majorana spinors are somehow an intrinsic aspect of super-symmetry is how-
ever only a belief. Weyl spinors meaning complex theta parameters are also possible. Theta
parameters can also carry fermion number meaning only the supercharges carry fermion num-
ber and are non-hermitian. The the general classification of super-symmetric theories indeed
demonstrates that for D = 8 Weyl spinors and complex and non-hermitian super-charges are
possible. The original motivation for Majorana spinors might come from MSSM assuming
that right handed neutrino does not exist. This belief might have also led to string theories
in D=10 and D=11 as the only possible candidates for TOE after it turned out that chiral
anomalies cancel.

3. The massivation of particles is the basic problem of both SUSYs and twistor approach. The
fact that particles which are massive in M4 sense can be interpreted as massless particles in
M4 × CP2 suggests a manner to understand super-symmetry breaking and massivation in
TGD framework. In particular, the massive particle can be put in short representations of
SUSY even when the massivation is by p-adic thermodynamics. The octonionic realization
of twistors is a very attractive possibility in this framework and quaternionicity condition
guaranteeing associativity leads to twistors which are almost equivalent with ordinary 4-D
twistors.

It seems possible to formulate even quantum TGD proper in terms of super-field defined in
the world of classical worlds (WCW). Super-fields would provide in this framework an elegant
book-keeping apparatus for the elements of local Clifford algebra of WCW extended to fields in
the M4×CP2 whose points label the positions of the tips of the causal diamonds CDs). What the
actual construction of SUSY QFT limit means depends on how strong approximations one wants
to make.

1. The minimal approach to SUSY QFT limit is based on an approximation assuming only the
super-multiplets generated by right-handed neutrino or both right-handed neutrino and its
antineutrino. The assumption that right-handed neutrino has fermion number opposite to
that of the fermion associated with the wormhole throat implies that bosons correspond to
N = (1, 1) SUSY and fermions to N = 1 SUSY identifiable also as a short representation of
N = (1, 1) SUSY algebra trivial with respect to positive or negative energy algebra. This
means a deviation from the standard view but the standard SUSY gauge theory formalism
seems to apply in this case.

2. A more ambitious approach would put the modes of induced spinor fields up to some cutoff
into super-multiplets. At the level next to the one described above the lowest modes of the
induced spinor fields would be included. The very large value of N means that N ≤ 3∈
SUSY cannot define the QFT limit of TGD for higher cutoffs. One should generalize SUSYs
gauge theories to arbitrary value of N but there are reasons to expect that the formalism
becomes rather complex. More ambitious approach working at TGD however suggest a more
general manner to avoid this problem.

(a) One of the key predictions of TGD is that gauge bosons and Higgs can be regarded
as bound states of fermion and anti-fermion located at opposite throats of a wormhole
contact. This implies bosonic emergence meaning that it QFT limit can be defined in
terms of Dirac action. Bosonic propagators and vertices can be constructed as fermionic
loops so that all coupling constant follow as predictions. One must however pose cutoffs
in mass squared and hyperbolic angle assignable to the momenta of fermions appearing
in the loops in order to obtain finite theory and to avoid massivation of bosons. The
resulting coupling constant evolution is consistent with low energy phenomenology if
the cutoffs in hyperbolic angle as a function of p-adic length scale is chosen suitably.

(b) The generalization of bosonic emergence that the TGD counterpart of SUSY is obtained
by the replacement of Dirac action with action for chiral super-field coupled to vector
field as the action defining the theory so that the propagators of bosons and all their
super-counterparts would emerge as fermionic loops.

(c) The huge super-symmetries give excellent hopes about the cancelation of infinities so
that this approach would work even without the cutoffs in mass squared and hyperbolic
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angle assignable to the momenta of fermions appearing in the loops. Cutoffs have a
physical motivation in zero energy ontology but it could be an excellent approxima-
tion to take them to infinity. Alternatively, super-symmetric dynamics provides cutoffs
dynamically.

3. The intriguing formal analogy of the Kähler potential and super-potential with the Kähler
function defining the Kähler metric of WCW and determined up to a real part of analytic
function of the complex coordinates of WCW. This analogy suggests that the action defining
the SUSY-Kähler potential- is identifiable as the Kähler function defining WCW Kähler
metric at its maximum. Super-potential in turn could correspond to a holomorphic function
defining the modification of Kähler function due and the space-time sheet due to measurement
interaction. This beautiful correspondence would make WCW geometry directly visible in
the properties of QFT limit of TGD.

4. The condition that N = ∞ variants for chiral and vector superfields exist fixes completely
the identification of these fields in zero energy ontology.

(a) In this framework chiral fields are generalizations of induced spinor fields and vector
fields those of gauge potentials obtained by replacing them with their super-space coun-
terparts. Chiral condition reduces to analyticity in theta parameters thanks to the
different definition of hermitian conjugation in zero energy ontology (θ is mapped to a
derivative with respect to theta rather than to θ) and conjugated super-field acts on the
product of all theta parameters.

(b) Chiral action is a straightforward generalization of the Dirac action coupled to gauge
potentials. The counterpart of YM action can emerge only radiatively as an effective
action so that the notion emergence is now unavoidable and indeed basic prediction of
TGD.

(c) The propagators associated with the monomials of n theta parameters behave as 1/pn

so that only J = 0, 1/2, 1 states propagate in normal manner and correspond to normal
particles. The presence of monomials with number of thetas higher than 2 is necessary
for the propagation of bosons since by the standard argument fermion and scalar loops
cancel each other by super-symmetry. This picture conforms with the identification of
graviton as a bound state of wormhole throats at opposite ends of string like object. A
second element essential for the finiteness of the theory is that the super-vector bosons
emitted by chiral particles move collinearly as indeed required by the wormhole contact
picture. Therefore these emission vertices are local in momentum space.

(d) This formulation allows also to use modified gamma matrices in the measurement inter-
action defining the counterpart of super variant of Dirac operator. Poincare invariance
is not lost since momenta and color charges act on the tip of CD rather than the coor-
dinates of the space-time sheet. Hence what is usually regarded as a quantum theory
in the background defined by classical fields follows as exact theory. This feeds all
data about space-time sheet associated with the maximum of Kähler function. In this
approach WCW as a Kähler manifold is replaced by a cartesian power of CP2, which
is indeed quaternionic Kähler manifold. The replacement of light-like 3-surfaces with
number theoretic braids when finite measurement resolution is introduced, leads to a
similar replacement.

(e) Quantum TGD as a ”complex square root” of thermodynamics approach suggests that
one should take a superposition of the amplitudes defined by the points of a coherence
region (identified in terms of the slicing associated with a given wormhole throat) by
weighting the points with the Kähler action density. The situation would be highly
analogous to a spin glass system since the modified gamma matrices defining the propa-
gators would be analogous to the parameters of spin glass Hamiltonian allowed to have
a spatial dependence. This would predict the proportionality of the coupling strengths
to Kähler coupling strength and bring in the dependence on the size of CD coming as a
power of 2 and give rise to p-adic coupling constant evolution. Since TGD Universe is
analogous to 4-D spin glass, also a sum over different preferred extremals assignable to
a given coherence regions and weighted by exp(K) is probably needed.
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(f) In TGD Universe graviton is necessarily a bi-local object and the emission and ab-
sorption of graviton are bi-local processes involving two wormhole contacts: a pair of
particles rather than single particle emits graviton. This is definitely something new
and defies a description in terms of QFT limit using point like particles. Graviton like
states would be entangled states of vector bosons at both ends of stringy curve so that
gravitation could be regarded as a square of YM interactions in rather concrete sense.
The notion of emergence would suggest that graviton propagator is defined by a bosonic
loop. Since bosonic loop is dimensionless, IR cutoff defined by the largest CD present
must be actively involved. At QFT limit one can hope a description as a bi-local process
using a bi-local generalization of the QFT limit. It turns out that surprisingly simple
candidate for the bi-local action exists.

!

6.2 Trying to understand the QFT limit of TGD

Already string models taught (or at least should have taught) to see quantum field theory as an
effective description of a microscopic theory working at low energy limit. Since string theorists
have not been able cook up any convincing answer to the layman’s innocent question ”How would
you describe atom using these tiny strings which are so awe inspiring?”, QFT limits have become
what string models actually are at the phenomenological level. AdS-CFT correspondence actually
equates string theory with a conformal quantum field theory in Minkowski space so that hopes
about genuine microscopic theory are lost. This is disappointing but not surprising since strings
are still too simple: they are either open or closed, there is no interesting internal topology.

In TGD framework string world sheets are replaced with 4-D space-time surfaces. One ends up
with a very concrete vision about matter based on the notion of many-sheeted space-time and the
implications are highly non-trivial in all scales. For instance, blackhole interior is replaced with
a space-time region with Euclidian signature of the induced metric characterizing any physical
system be it elementary particle, condensed matter system, or astrophysical object. Therefore the
key question becomes the following.

Does TGD have QFT in M4 as low energy limit or rather - as a limit holding true in a given
scale in the infinite length scale hierarchies predicted by theory (p-adic length scale hierarchy and
hierarchy of effective Planck constants and hierarchy of causal diamonds)?

This question emerged as an outcome of an attempt to answer a series of questions related to
Higgs like particle [K17]. Questions were motivated by the facts that p-adic thermodynamics [K10]
provides a microscopic description of particle massivation in TGD Universe and Higgs like field has
no obvious classical space-time correlate. Does Higgs like particle exists in TGD Universe? If it
exists as the recent LHC data strongly suggest, what is its microscopic description in TGD frame-
work? There is indeed elegant identification of Higgs like particle in terms of bosonic emergence
(bosons would const of fermion-anti-fermion pairs associated with wormhole contacts). Is Higgs
field a proper description for the Higgs like particle at QFT limit? Does Higgs mechanism provide
QFT counterpart for description in terms of p-adic thermodynamics (even if this the case, Higgs
mechanism would be only a manner to parametrize particle mass spectrum rather than to predict
it)? How could one construct the standard model action defining the possibly existing QFT limit
of TGD? The next question is the fundamental question already stated.

Instead of trying to answer the question about the existence of QFT limit, the following ar-
gument suggests a procedure for constructing the QFT limit by applying a variant of a standard
procedure by assigning various kinds of fields to the particles described as quantum states associ-
ated with wormhole contacts at the microscopic level.

6.2.1 What are the fundamental dynamical objects?

The original assumption was that elementary particles correspond to wormhole throats. With the
discovery of the weak form of electric-magnetic duality came the realization that wormhole throat
is homological magnetic monopole (rather than Dirac monopole) and must therefore have (Kähler)
magnetic charge. Magnetic flux lines must be however closed so that the wormhole throat must
be associated with closed flux loop.
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The most natural assumption is that this loop connects two wormhole throats at the first space-
time sheet, that the flux goes through a second wormhole contact to another sheet, returns back
along second flux tube, and eventually is transferred to the original throat along the first wormhole
contact.

The solutions of the Modified Dirac equation [K18] assign to this flux tube string like curve
as a boundary of string world sheet carrying the induced fermion field. This closed string has
”short” portions assignable to wormhole contacts and ”long” portions corresponding to the flux
tubes connecting the two wormhole contacts. One can assign a string tension defined by CP2

scale with the ”short” portions of the string and string tension defined by the primary or perhaps
secondary p-adic length scale to the ”long” portions of the closed string.

Also the ”long” portion of the string can contribute to the mass of the elementary particle as a
contribution to the vacuum conformal weight. In the case of weak gauge bosons this would be the
case and since the contribution is naturally proportional to gauge couplings strength of W/Z boson
one could understand Q/Z mass ratio if the p-adic thermodynamics gives a very small contribution
from the ”short” piece of string (also photon would receive this small contributionin ZEO): this
is the case if one must have T = 1/2 for gauge bosons. Note that ”long” portion of string can
contribute also to fermion masses a small shift. Hence no Higgs vacuum expectation value or
coherent state of Higgs would be needed. There are two options for the interpretation of recent
results about Higgs and Option II in which Higgs mechanism emerges as an effective description
of particle massivation at QFT limit of the theory and both gauge fields and Higgs fields and its
vacuum expectation exist only as constructs making sense at QFT limit. Higgs like particles do of
course exist. At WCW limit they are replaced by WCW spinor fields as fundamental object.

One can consider several identifications of the fundamental dynamical object of p-adic mass
calculations. Either as a wormhole throat (in the case of fermions for which either wormhole
throat carries the fermion quantum number this looks natural), as entire wormhole contact, or
as the entire flux tube having two wormhole contacts. Which one of these options is correct?
The strong analogy with string model implied by the presence of fermionic string world sheet
would support that the identification as entire flux tube in which case the large masses for higher
conformal excitations could be interpreted in terms of string tension. Note that this is the only
possibility in case of gauge bosons.

6.2.2 A recipe for obtaining QFT limit?

In TGD framework quantized gauge potentials and Higgs field should emerge only at M4 QFT
limit. It is not even possible to speak about Higgs and YM parts of the action at the microscopic
level. The functional integral defined by the vacuum function expressed as exponent of Kähler
action for preferred extremals to which couplings of microscopic expressions of particles in terms
of fermions coupled to the effective fields describing them at QFT limit should define the effective
action at QFT limit.

The basic recipe for obtaining the effective action defining QFT limit would be simple.

1. Start from the vacuum functional which is exponent of Kähler action for preferred extremals
with Euclidian regions giving real exponent and Minkowskian regions imaginary exponent.

2. Add to this action terms which are bilinear in the microscopic expression for the particle
state and the corresponding effective field appearing in the effective action. Note also that
the bilinears of induced spinor field defining bosons involve induced spinor fields at different
wormhole throats so that local divergences are avoided.

3. Perform the functional integration over WCW (”world of classical worlds”) and take vacuum
expectation value in fermionic degrees of freedom.

4. This gives an effective field theory in M4×CP2. To get M4 QFT integrate over CP2 degrees
of freedom in the action. This dimensional reduction is similar to what occurs in Kaluza-Klein
theories. The resulting action is effective action so that there is no need to calculate loops
anymore since they have been included in the functional integral over preferred extremals.

The functional integration of WCW induces also integration of induced spinor fields which apart
from right-handed neutrino are restricted to the string world sheets. In principle induced spinor

http://tgdtheory.com/public_html/tgdgeom/tgdgeom.html#dirasvira
http://matpitka.blogspot.fi/2012/11/higgs-like-state-according-to- tgd-after.html
http://matpitka.blogspot.fi/2012/11/higgs-like-state-according-to- tgd-after.html
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fields could be non-vanishing also at partonic 2-surfaces but simple physical considerations suggest
that they are restricted to the intersection points of partonic 2-surfaces and string world sheets
defining the ends of braid strands. Therefore the effective spinor fields Ψeff would appear only
at braid ends in the integration over WCW and one has good hopes of performing the functional
integral.

1. One can assign to the induced spinor fields Ψ imbedding space spinor fields Ψeff appearing in
the effective action. The dimensions of Ψ and Ψeff are 1/L3/2. A dimensionally correct guess
is the term

∫
d2x
√
g2Ψeff (P )D−1Ψ+h.c, where Γα denotes the induced gamma matrices, P

denotes the end point of a braid strand at the wormhole throat, and D denotes the ”ordinary”
massless Dirac operator ΓαDα for the induced gamma matrices. Propagator contributes
dimension L and is well-defined since Ψ is not annihilated by D but by the modified Dirac
operator in which modified gamma matrices defined by the modified Dirac action appear.
Note that internal consistency does not allow the replacement of Kähler action with four-
volume. Integral over the second wormhole throat contributes dimension L2. Therefore the
outcome is a dimensionless finite quantity, which reduces to the value of integrand at the
intersection of partonic 2-surface and string world sheet - that is at ends of braid strand
since induced spinors are localized at string world sheets unless right-handed neutrinos are in
question. The fact that induced spinor fields are proportional to a delta function restricting
them to string world sheets does not lead to problems since the modified Dirac action itself
vanishes by modified Dirac equation.

2. Both Higgs and gauge bosons correspond to bi-local objects consisting of fermion and anti-
fermion at opposite throats of wormhole contact and restricted to braid ends. The are
connected by the analog of non-integrable phase factor defined by classical gauge potentials.
These bilinear fermionic objects should correspond to Higgs and gauge potentials at QFT
limit. The two integrations over the partonic 2-surfaces contribute L2 both, whereas the
dimension of the quantity defining the gauge boson or Higgs like state is 1/L3 from the
dimensions of spinor fields and from the dimension of generalized polarization vector com-
pensated by that of gamma matrices. Hence the dimensions of the bi-local quantities are L
for both gauge bosons and Higgs like particles. They must be coupled to their effective QFT
counterparts so that a dimensionless term in action results. Note that delta functions associ-
ated with the induced spinor fields reduce them to the end points of braid strand connecting
wormhole throats and finite result is obtained.

3. How to identify these dimensional bilinear terms defining the QFT limit? The basic problem
is that the microscopic representation of the particle is bi-local and the effective field at
QFT limit should be local. The only possibility is to consider an average of the effective
field over the stringy curve connecting the points at two throats. The resulting quantities
must have dimensions 1/L in accordance with naive scaling dimensions of gauge bosons and
Higgs to compensate the dimension L of the microscopic representation of bosons. For gauge
bosons having zero dimension as 1-forms the average

∫
Aµdx

µ/l along a unique stringy curve
of length l connecting wormhole throats defines a quantity with dimension 1/L. For Higgs
components having dimension 1/L the quantities

∫
HA
√
g1dx/l, where g1 corresponds to the

induced metric at the stringy curve, has also dimension 1/L. The presence of the induced
metric depending on CP2 metric guarantees that the effective action contains dimensional
parameters so that the breaking of scale invariance results.
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