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1

How infinite primes could correspond to quantum states
and space-time surfaces?

The hierarchy of infinite primes is in one-one correspondence with a hierarchy of second quantizations of an arithmetic quantum field theory. The additive quantum number in question is energy
like quantity for ordinary primes and given by the logarithm of prime whereas p-adic length scale
hypothesis suggests that the conserved quantity is proportional to the inverse of prime or its square
root. For infinite primes at the first level of hierarchy these quantum numbers label single particles
states having interpretation as ordinary elementary particles. For octonionic and hyper-octonionic
primes the quantum number is analogous to a momentum with 8 components. The question is
whether these number theoretic quantum numbers could have interpretation as genuine quantum numbers. Quantum classical correspondence raises another question. Is it possible to label
space-time surfaces by infinite primes? Could this correspondence be even one-to-one?
I have considered these questions already more than decade ago. The discussion at that time
was necessarily highly speculative and just a mathematical exercise. After that time however a lot
of progress has taken place in quantum TGD and it is highly interaction to see what comes out
from the interaction of the notion of infinite prime with the notions of zero energy ontology and
generalized imbedding space, and with the recent vision about how measurement interaction in
the modified Dirac action allows to code information about quantum numbers to the space-time
geometry. The possibility of this coding allows to simplify the discussion dramatically. If one can
map infinite hyper-octonionic primes to quantum numbers of the standard model naturally, then
the their map of to the geometry of space-time surfaces realizes the coding of space-time surfaces
by infinite primes (and more generally by integers and rationals). Also a detailed realization of
number theoretic Brahman=Atman identity emerges as an outcome.

1.1

A brief summary about various moduli spaces and their symmetries

It is good to sum up the number theoretic symmetries before trying to construct an overall view
about the situation. Several kinds of number theoretical symmetry groups are involved corresponding to symmetries in the moduli spaces of hyper-octonionic and hyper-quaternionic structures,
symmetries mapping hyper-octonionic primes to hyper-octonionic primes, and translations acting
in the space of causal diamonds (CDs) and shifting. The moduli space for CDs labeled by pairs
of its tips that its pairs of points of M 4 × CP2 is also in important role.
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1. The basic idea is that color SU (3) ⊂ G2 acts as automorphisms of hyper-octonion structure with a preferred imaginary unit. SO(7, 1) acts as symmetries in the moduli space
of hyper-octonion structures. Associativity implies symmetry breaking so that only hyperquaternionic structures are considered and SO(3, 1)×SO(4) acts as symmetries of the moduli
space for hyper-quaternionic structures.
2. CP2 parameterizes the moduli space of hyper-quaternionic structures induced from a given
hyper-octonionic structure with preferred imaginary unit.
3. Color group SU (3) is the analog of Galois group for the extension of reals to octonions and has
a natural action on the decompositions of rational infinite primes to hyper-octonionic infinite
primes. For given hyper-octonionic prime one can identify a subgroup of SU(3) generating a
finite set of hyper-octonionic primes for it at sphere S 7 . This suggests wave function at the
orbit of given hyper-octonionic prime in turn generalizing to wave functions in the space of
infinite primes.
4. Four-momenta correspond to translational degrees of freedom associated with the preferred
points of M 4 coded by the infinite rational (tip of the light-cone). Color quantum numbers
in cm degrees of freedom can be assigned to the CP2 projection of the preferred point of H.
As a matter fact, the definition of hyper-octonionic structure involves the choice of origin of
M 8 giving rise to the preferred point of H.
These symmetries deserve a more detailed discussion.
1. The choice of global hyper-octonionic coordinate is dictated only modulo a transformation
of SO(1, 7) acting as isometries of hyper-octonionic norm and as transformations in moduli
space of hyper-octonion structures. SO(7) respects the choice of the real unit. SO(1, 3) ×
SO(4) acts in the moduli space of global hyper-quaternionic structures identified as substructures of hyper-octonionic structure. The choice of global hyper-octonionic structures
involves also a choice of origin implying preferred point of H. The M 4 projection of this
point corresponds to the tip of CD. Since the integers representing physical states must be
hyper-quaternionic by associativity conditions, the symmetry breaking (”number theoretic
compactification”) to SO(1, 3) × SO(4) occurs very naturally. This group acts as spinor
rotations in H picture and as isometries in M 8 picture. The choice of both tips of CD
reduces SO(1, 3) to SO(3).
2. SO(1, 7) allows 3 different 8-dimensional representations (8v , 8s , and 8s ). All these representations must decompose under SU (3) as 1 + 1 + 3 + 3 as little exercise with SO(8) triality
demonstrates. Under SO(6) ∼
= SU (4) the decompositions are 1 + 1 + 6 and 4 + 4 for 8v
and 8s and its conjugate. Both hyper-octonion spinors and gamma matrices are identified as
hyper-octonion units rather than as matrices. It would be natural to assign to bosonic M 8
primes 8v and to fermionic M 8 primes 8s and 8s . One can distinguish between 8v , 8s and
8s for hyper-octonionic units only if one considers the full SO(1, 3) × SO(4) action in the
moduli space of hyper-octonionic structures.
3. G2 acts as automorphisms on octonionic imaginary units and SU (3) respects the choice of
preferred imaginary unit meaning a choice of preferred hyper-complex plane M 4 ⊂ M 4 .
Associativity requires a reduction to hyper-quaternionic primes and implies color confinement in number theoretical and as it turns also in physical sense. For hyper-quaternionic
primes the automorphisms restrict to SO(3) which has right/left action of fermionic hyperquaternionic primes and adjoint action on bosonic hyper-quaternionc primes. The choice of
hyper-quaternionic structure is global as opposed to the local choice of hyper-quaternionic
tangent space of space-time surface assigning to a point of HQ ⊂ HO a point of CP2 .
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U (2) ⊂ SU (3) leaves invariant given hyper-quaternionic structure which are thus parameterized by CP2 . Color partial waves can be interpreted as partial waves in this moduli
space.

1.2

Associativity and commutativity or only their quantum variants?

Associativity and commutativity conditions are absolutely essential notions in quantum TGD and
also in the mapping of infinite primes to the space-time sheets. Hyper-quaternionicity formulated in
terms of the modified gamma matrices defined by Kähler action fixes classical space-time dynamics
and a very beautiful algebra formulation of quantum TGD in terms of hyper-octonionic local
Clifford algebra of imbedding space emerges. There is no need for the use of hyper-octonion real
analytic maps although one cannot exclude the possibility that they might be involved with the
construction of hyper-quaternionic space-time surfaces.
Associativity implies hyper-quaternionicity and commutativity requirement in turn leads to
complex rational infinite primes. Since one can decompose complex rational primes to hyperquaternionic and even hyper-octonionic primes, one might hope that this could allow to represent
states which consist of colored constituents. This representations has however the flavor of a formal
trick and the considerations related to concrete representations of infinite primes suggest that the
rationality of infinite primes might be a too restrictive condition.
A more radical possibility is that physical states are only quantum associative and commutative.
In case of associativity this means that they are obtained as quantum superpositions in the space
of real units over all possible associations performed for a given product of hyper-octonion primes
(for instance, |A(BC)i + |(AB)Ci). These states would be associative in quantum sense but would
not reduce to hyper-quaternionic primes. Also the notion of quantum commutativity makes sense.
The fact that mesons are quantum superpositions of quark-antiquark pairs which each corresponds
to different pair of hyper-quaternionic primes and are thus not representable classically, suggests
that one can require only quantum associativity and quantum commutativity.

1.3

The correspondence between infinite primes and standard model
quantum numbers

I have considered several candidates for the correspondence between infinite primes and standard
model quantum numbers. The confusing aspect has been the dual nature of hyper-octonionic
primes. One one hand they could be interpreted as components of 8-D momentum representing
perhaps momentum and other quantum numbers. On the other hand, they transform like representations of SU (3) ⊂ G2 and behave like color singlets and triplets so that the idea about quantum
superpositions of infinite primes related by SU (3) action is attractive. The second puzzling feature
is that there are two kinds of infinite primes corresponding to two signs for the ”small” part of the
infinite prime. The following proposal leads to an interpretation for these aspects.
1. The number of components of hyper-octonionic prime is 8 as is the dimension of the Cartan
algebra of the product of Poincare group, color group SU(3) and electro-weak gauge group
SU (2)L ×U (1) defining the quantum numbers of particles. One might therefore dream about
a number theoretic interpretation of elementary particle quantum numbers by intepreting
hyper-octonionic prime as 8-momentum. This form of the big idea fails. The point is that
complexified basis for octonions consists of two color singlets and color triplet and its conjugate. For a given hyper-octonionic prime one can construct new primes by using a subgroup
G of SU(3) by definition respecting the property that the values of the components of prime
as integers and as a consquence also the modulus squared so that the primes are at sphere
S 7 . This group is analogous to Galois group. Identifying prime as an element of basis of
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quantum states, one can form wave functions at the discrete orbit of given prime transforming according to irreducible representations of color group. Triality t ± 1 states correspond to
color partial waves associated with quarks and antiquarks and triality t = 0 states to gluons
and leptons and their color excitations. The states can be chosen to be eigenstates of the
preferred hyper-octonionic imaginary unit ie1 . Additive four-momentum could be assigned
the M 2 part of the hyper-octonion as will be found. Therefore the construction applies in
the a special but natural coordinates assignable to the particle.
2. This construction gives only the quantum numbers assignable to color partial waves in configuration space degrees of freedom. Also the quantum numbers assignable to imbedding
space spinors are wanted. Luckily, there are two kinds of infinite primes, which might be
denoted by P± because the sign of the ”small” part of the infinite prime can be chosen
freely. Super-conformal symmetry suggests that quantum numbers associated with spinorial
and configuration space degrees freedom can be assigned to the infinite primes of these two
types.
(a) In the case of spinor degrees of freedom one can restrict the multiplets to those generated
by SU(2) subgroup of SU(3) identified as rotation group. The interpretation is in
terms of automorphism group of quaternions. Discrete subgroups of SU(2) generate the
orbit of given hyper-octonionic prime and one obtains finite number of SU(2) multiplets
having interpretation in terms of rotational degrees of freedom associated with the lightcone boundary. In the case of fermions (bosons) only half odd integer (integer) spins
are allowed.
(b) Remarkably, four of the hyper-octonionic units remain invariant under SU(2). Also now
only the hyper-complex projection in M 2 ⊂ M 4 can be interpreted as four-momentum in
the preferred frame and the interpretation as a counterpart of Dirac equation eliminating
four complex non-physical helicities of the imbedding spinor of given chirality. The
states of same spin associated with the two spin doublets have interpretation as electroweak doublets. As a representation of SU(3) electro-weak doublets would correspond
to quark and antiquark in color isospin doublet. This leaves two additional quantum
numbers assignable to the color isospin singlets. The natural interpretation is in terms
of electromagnetic charge and weak isospin. An analogous picture emerges also in the
description of super-symmetric QFT limit of TGD replacing massless particles identified
as light-like geodesics of M 4 with light like geodesics of M 4 ×CP2 and assigning to them
two quantum numbers in the Cartan algebra of SU (3) and identified as electro-weak
charges. Also conformal weight expressible in terms of stringy mass formula allows a
description in terms of infinite primes. What is not achieved is the number theoretical
description of genus of the partonic 2-surface and wave functions in the moduli space
of the partonic 2-surfaces.
3. In this picture leptons, gauge bosons, and gluons correspond to an infinite prime of type P+
or P− whereas quarks as well as color excitations of leptons correspond to a pair of primes
of type P+ and P− . One can fix the notations by assigning color quantum numbers to P+
and and spinorial quantum numbers to P− . Both P+ and P− contribute to four-momentum.
Each pair of infinite primes of this kind defines a finite-dimensional space of quantum states
assignable to the subgroups of SU (3) and SU (2) respecting the prime property. Needless to
say, this prediction is extremely powerful and fixes the spectrum of the quantum numbers
almost completely!
4. An interesting question is whether one can require number theoretical color confinement in
the sense that the physical states resulting as tensor products of states assignable to a given
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infinite prime in P+ are color singlets. This might be necessary to guarantee associativity.
G2 singletness would be even stronger condition but not possible for massless states. What
is interesting is that spin and color in well-defined sense separate from each other. One can
wonder whether this relates somehow to the spin puzzle of proton meaning that quarks do
not seem to contribute to baryonic spin.
5. The appearance of discrete subgroups of SU (3) and SU (2) strongly suggests a connection
with the inclusions of the hyper-finite factors of type II1 characterized by these subgroups,
which are expected to play a fundamental role in quantum TGD. An interesting question is
whether also infinite subgroups could be involved. For instance, one can consider the subgroups generated by discrete subgroup and infinite cyclic group and these might be involved
with the inclusions for which the index is equal to four. The appearance of these groups
suggests also a connection with the hierarchy of Planck constants and one can ask how the
singular coverings defining the pages of the book like structure relate to the moduli space of
causal diamonds.
The rather unexpected conclusion is that the wave functions in the discrete space defined by
infinite primes are able to code for the quantum numbers of configuration space spinor fields
and thus for configuration space spinor fields. A fascinating possibility is that even M-matrixwhich is nothing but a characterization of zero energy state- could find an elegant formulation as
entanglement coefficients associated with the pair of the integer and inverse integer characterizing
the positive and negative energy states.
1. The great vision is that associativity and commutativity conditions fix the number theoretical
quantum dynamics completely. Quantum associativity states that the wave functions in the
space of infinite primes, integers, and rationals are invariant under associations of finite
hyper-octonionic primes (A(BC) and (AB)C are the basic associations), physics requires
associativity only apart from a phase factor, in the simplest situation +1/ − 1 but in more
general case phase factor. The condition of commutativity poses a more familiar condition
implying that permutations induce only a phase factor which is +/- 1 for boson and fermion
statistics and a more general phase for quantum group statistics for the anyonic phases, which
correspond to nonstandard values of Planck constant in TGD framework. These symmetries
induce time-like entanglement for zero energy stats and perhaps non-trivial enough M-matrix.
2. One must also remember that besides the infinite primes defining the counterparts of free
Fock states of supersymmetric QFT, also infinite primes analogous to bound states are predicted. The analogy with polynomial primes illustrates what is involved. In the space of
polynomials with integer coefficients polynomials of degree one correspond free single particle states and one can form free many particle states as their products. Higher degree
polynomials with algebraic roots correspond to bound states being not decomposable to a
product of polynomials of first degree in the field of rationals. Could also positive and negative energy parts of zero energy states form a analog of bound state giving rise to highly
non-trivial M-matrix?

1.4

How space-time geometry could be coded by infinite primes

Second key question is whether space-time geometry could be characterized in terms of infinite
primes (and integers and rationals in the most general case) and how this is achieved. This problem
trivializes by quantum classical correspondence realized in terms of the measurement interaction
term in the modified Dirac action.
1. The addition of the measurement interaction term to the modified Dirac action defined by
Kähler action implies that space-time sheets carry information about four-momentum, color
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quantum numbers, and electro-weak quantum numbers. One must assing assign to the spacetime sheet assignable to a given collection of partonic 2-surfaces at least one pair of infinite
primes or rather wave function at the orbits of these primes under the group respecting the
prime property. Pairs of infinite-primes at the first level would characterize the quantum
numbers assigned with the partonic surface X 2 , that is the tangent space of the space-time
surface at X 2 fixing the initial values for the preferred extremal of Kähler action.
2. Zero energy ontology implies a hierarchy of CDs within CDs and this hierarchy as well as the
hierarchy of space-time sheets corresponds naturally to the hierarchy of infinite primes. One
can assign standard model quantum numbers to various partonic 2-surfaces with positive and
negative energy parts of the quantum state assignable to the light-like boundaries of CD.
Also infinite integers and rationals are possible and the inverses of infinite primes would
naturally correspond to elementary particles with negative energy. The condition that zero
energy state has vanishing net quantum numbers implies that the ratio of infinite integers
assignable to zero energy state equals to real unit in real sense and has has vanishing total
quantum numbers.
3. Neither quantum numbers nor infinite primes coding them cannot characterize the partonic
2-surface itself completely since they say nothing about the deformation of the space-time
surface but only about labels characterizing the WCW spinor field. Also the topology of
partonic 2-surface fails to be coded. Quantum classical correspondence however suggests that
this correspondence could be possible in a weaker sense. In the Gaussian approximation for
functional integral over the world of classical worlds space-time surface and thus the collection
of partonic 2-surfaces is effectively replaced with the one corresponding to the maximum of
Kähler function, and in this sense one-one correspondence is possible unless the situation
is non-perturbative. In this case the physics implied by the hierarchy of Planck constants
could however guarantee uniqueness. One of the basic ideas behind the identification of the
dark matter as phases with non-standard value of Planck constant is that when perturbative
description of the system fails, a phase transition increasing the value of Planck constant
takes place and makes perturbative description possible. Geometrically this phase transition
means a leakage to another sector of the imbedding space realized as a book like structure with
pages partially labeled by the values of Planck constant. Anyonic phases and fractionization
of quantum numbers is one possible outcome of this phase transition. An interesting question
is what the fractionization of the quantum numbers means number theoretically.

1.5

How to achieve consistency with p-adic mass formula

The first argument against the proposal that infinite primes could code for four-momentum in
preferred coordinates is that the logarithms of finite primes and even less those of hyper-octonionic
primes are natural from the point of view of p-adic mass calculations predicting that the mass
squared of particle behaves as 1/p for Tp = 1 (fermions) and 1/p2 for Tp = 1/2 (gauge bosons).
This difficulty might be circumvented.
1.5.1

Ordinary primes

Consider first ordinary primes for which the inverse always exists.
1. One can map finite primes p to phase factors exp(i2π/p). The roots
Qof unity play the role of
primes in the decomposition of the roots of unity exp(i2π/n), n = i pni i . 1/n is expressible
as a sum of form
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Apart from a common normalization factor one can interpret the coefficients Pi as energy like
quantities assigned to the single particle states. The power pni i would correspond to various
p-adic inverse temperature 1/Tp = 2ni in this expansion.
2. The representation in terms of phase factors is not unique since Pik and Pik + npki define
the same phase. This non-uniqueness is completely analogous to the non-uniqueness of
momentum in the presence of a discrete translational symmetry and can be interpreted in
terms of lattice momentum. Physically this corresponds to a finite measurement resolution.
Also in the formulation of symplectic QFT defining one part of quantum TGD only phases
defined by the roots of unity appear and similar non-uniqueness emerges and is due to the
discretization serving as a space-time correlate for a finite measurement resolution implying
UV cutoff.
3. Mass squared is proportional to 1/p2i so that only the p-adic temperatures Tp = 1/2ni are
possible for rational primes. For more general primes one can however have also a situation
in which the modulus square of prime is ordinary prime. For instance, Gaussian (complex)
primes P = m + in satisfy |P |2 = p for p mod 4 = 1 and |P |2 = p2 for p mod 4 = 3
(for example, rational prime 5 decomposes as 5 = (2 + i)(2 − i)). Therefore it is possible
to have states satisfying M 2 ∝ 1/p, p ordinary prime for hyper-octonionic primes. These
primes correspond to the rational primes decomposing to the products of ordinary primes
and also also higher roots of p might be possible. The finite prime assignable to the hyperoctonionic prime has a natural interpretation as the p-adic prime assignable to an elementary
particle. In zero energy ontology this assignment makes sense also for virtual particles having
interpretation as pairs of positive and negative energy on mass shell particles assignable to
the light-like throats of wormhole contact.
1.5.2

Hyper-octonionic primes with inverse

Consider next the situation for hyper-octonionic primes when the integers in question have inverse.
We are interested only in the longitudinal part of infinite prime in M 2 . The phase factor makes
sense also in the case of hyper-octonionic primes if the condition |P | > 0 holds true so that one has
massive particles in 8-D sense possibly resulting via p-adic thermodynamics. If the imaginary unit
appearing in the exponent is the imaginary unit i appearing in the complexification of octonions,
the exponent has the character of a phase factor for hyper-octonionic primes. The reason is that
1/P = P ∗ /|P |2 is hyper-octonionic number of form O0 + iO1 , where O1 is a purely imaginary
octonion. The exponent in the phase factor is therefore 2π(iO0 − O1 ) and involves only imaginary
units, and one can write exp(i2π(O0 + iO1 )) = exp(iO0 ) × exp(−O1 ). Both factors are phase
factors. This condition analogous to unitarity is one further good reason for hyper-octonions and
Minkowskian signature.
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1.5.3

Light-like hyper-octonionic primes

The proposed representation as a phase factor fails for massless particles since light-like hyperprimes do not possess an inverse. One must therefore define the notion of primeness differently to
see what might be the physical interpretation of these primes. Since the multiplication of hyperoctonionic integer by light-like prime yields zero norm prime, the natural interpretation would be as
a gauge transformation and one might consider gauge transformations obtained by exponentiating
Lie algebra with light-like coefficients.
One can consider two options depending on whether one requires that the relevant algebra has
unit or not.
1. For the first option hyper-octonionic light-like integers are of form n(1 + e) and the product
of two light-like integers ni (1 + e) is of form 2n1 n2 (1 + e). Here e could be arbitrary hyperoctonionic imaginary unit consistent with the prime property. This does not however allow
unit light-like integer acting like unit since one has (1 + e)2 = 2(1 + e). All odd integers
would be primes.
2. The number E = (1 + e)/2 behaves as a unit. If one requires that unit is included in
the algebra integers can be defined as numbers of form nE so that their product is n1 n2 E
and equivalent with the ordinary product of integers so that primes correspond to ordinary
primes.
One can construct the first
Q level infinite primes fromQthese primes just as in the case of ordinary
primes. Now however
X
=
pi is replaced with X = n [(2n + 1)(1 + e)] for the first option and
Q
equal to the X = E pi for the second option.
The multiplicative phase factor could be defined for both options as exp(i2πE/N ) where N
is a light-like hyper-octonionic integer. This definition would eliminate the singular 1/E factor
and the situation reduces essentially to that for ordinary primes in the case of massless states. If
the infinite prime P± is such that one can assign to it non-trivial multiplets in color or rotational
degrees of freedom (half odd integer spin for fermions) it must have a part in the complement of
M 2 . For standard model elementary particles this is always the case. The energy spectrum is of
form 1/2(2m+ 1) or 1/p. For light-like hyper-octonions the projection to M 2 is in general time-like
and quantized. If one does not allow the unit E in exponent the phase factor is ill-defined and one
must identify the light-like hyper-octonionic primes as gauge degrees of freedom.
M 2 momentum is light-like only for states which are spinless color and electro-weak singlets
having no counterpart in standard model counterpart nor in quantum TGD. Therefore lightlike hyper-octonionic primes reducing to M 2 could correspond to gauge degrees of freedom. M 2
momentum is of form P = (1, 1)/2(2m + 1) for the first option and of form P = (1, 1)/p for
the second option. Even for graviton, photon, gluons, and right handed neutrino either hyperoctonionic prime is space-like if the state is massless. Light-like hyper-octonions can however
characterize massive states but the proposed interpretation in terms of gauge degrees of freedom
is highly suggestive.
If one interprets hyper-octonionic prime as 8-D momentum, which is of course not necessary
in the recent framework, one could worry about conflict with TGD variant of twistor program. In
accordance with associativity the role of 8-momentum in fermionic propagator is however taken
by its projection to the hyper-quaternionic sub-space defined by the modified gamma matrices at
given point of space-time sheet and masslessness holds for this projection so that 8-D tachyons are
possible. This is highly analogous to the identification of the four-momentum as M 2 projection of
hyperfinite prime.
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1.5.4

The treatment of zero modes

There are also zero modes which are absolutely crucial for quantum measurement theory. They
entangle with quantum fluctuating degrees of freedom in quantum measurement situation and thus
map quantum numbers to positions of pointers. The interior degrees of freedom of space-time interior must correspond to zero modes and they represent space-time correlates for quantum states
realized at light-like partonic 3-surfaces. Quantum measurement theory suggests 1-1 correspondence between zero modes and quantum fluctuating degrees of freedom so that also super-symmetry
should have zero mode counterpart. The recent progress in understanding of the modified Dirac
action leads to a concrete identification of the super-conformal algebra of zero modes as related to
the deformation of the space-time surface defining vanishing second variations of Kähler action.

1.6

Complexification of octonions in zero energy ontology

The complexification of octonions plays a crucial role in the number theoretical vision and could
be regarded as its weakest point. It has however a natural physical interpretation in zero energy
ontology.
1. CD has two tips, which correspond to the points of M 4 . For M 4 the fixing of the quantization
axes requires choosing a time-like direction fixing the rest system. This direction is naturally
4
. The realization of
defined by the tips of CD. The moduli space for CDs is M 4 × M+
the hierarchy of Planck constants forces also a choice of a space-like direction fixing the
quantization axes of spin.
2. In the case of CP2 the choice of the quantization axes requires fixing of a preferred point
of CP2 remaining invariant under U (2) subgroup of SU (3) acting linearly on complex coordinates having origin at this point and containing also the Cartan subgroup. This fixes
the quantization axes of color hyper-charge. If the preferred CP2 points associated with the
light-like boundaries of CD are different they fix a unique geodesic circle of CP2 fixing the
quantization axes for color isospin. The moduli space is therefore (CP2 )2 .
4
× (CP2 )2 . In M 8 description the moduli space would
3. The full moduli space is M 4 × M+
naturally correspond to pairs of points of M 4 and E 4 so that the moduli space for the choices
4
× (E 4 )2 . This space can be regarded locally
CDs and quantization axes would be M 4 × M+
as the space of complexified octonions.

4. p-Adic length scale hypothesis follows if the time-like distance between the tips of CDs is
4
quantized in powers of two so that a union of 3-D proper-time constant hyperboloids of M+
results. Hierarchy of Planck constants implies rational multiples of these basic distances.
Hyperboloids are coset spaces of Lorentz group and this suggests even more general quantization in which one replaces the hyperboloids with spaces obtained by identifying the points
related by the action of a discrete subgroup of Lorentz group. This would give the analog
of lattice cell obtained and one would obtain a lattice like structure consisting of unit cells
labeled by the elements of the sub-group of Lorentz group. The interpretation of the moduli
space of CDs as a discrete momentum space dual to the configuration space is suggestive.
In the case of CP2 similar quantization could correspond to the replacement of CP2 with
equivalence classes of points of CP2 under action of a discrete subgroup of SU (3).
5. Could this discrete space be identified as the space of hyper-octonionic primes as looks
4
natural? In other words, could the discrete points of the dual space M+
× CP2 decompose
to subsets in one-one corresponds with the orbits of G+ and G− appearing in the reductions
SO(7, 1) → SO(7) → G2 → SU (3) → G+ for primes in P+ and SO(7, 1) → SO(7) →
G2 → SU (3) → SU (2) → G− in P− ? One can also consider the subgroups of G2 respecting
9

the hyperbolic prime property. This would allow to integrate G+ × G− multiplets to larger
multiplets and get an over all view about multiplet structure. An interesting question is
whether SO(7, 1) could contain non-compact discrete subgroups with infinite number of
elements and respecting the property of being hyper-octonionic prime. If this idea is correct,
4
the dual space M+
× CP2 would play a role of heavenly sphere providing a representation
for the quantum numbers labeling configuration space spinor fields.

1.7

The relation to number theoretic Brahman=Atman identity

Number theoretic Brahman=Atman identity -one might also use the term algebraic holography states the number theoretic anatomy of single space-time point is enough to code for both WCW
and and WCW spinors fields- the quantum states of entire Universe or at least the sub-Universe
defined by CD. The entire quantum TGD could be represented in terms of 8-D imbedding space
with the notion of number generalized to allow real units defined as ration of infinite integers and
having number theoretical anatomy.
Before continuing it is perhaps good to represent the most obvious objection against the idea.
The correspondence between CH and CH spinors with infinite rationals and their discreteness
means that also CH (world of classical worlds) and space of CH spinors should be discrete. First
this looks non-sensible but is indeed what one obtains if space-time surfaces correspond to lightlike 3-surfaces expressible in terms of algebraic equations involving rational functions with rational
coefficients.
By the above considerations it is indeed clear that zero energy states correspond to ratios
of infinite integers boiling down to a hyper-octonionic unit with vanishing net four-momentum
and electro-weak charges. Configuration space spinor fields can be mapped to wave functions
in the space of these units and even the reduced configuration space consisting of the maxima
of Kähler function could be coded by these wave functions. The wave functions in the space of
hyper-octonion units would be induced by the discrete wave functions associated with the orbits
of hyper-octonionic finite primes appearing in the decomposition of the infinite hyper-octonionic
primes of type P+ and P− . The net color and quantum numbers and spin associated with the
wave function in the space of hyper-octonionic units are vanishing. Clearly, a detailed realization
of number theoretic Brahman=Atman identity emerges predicting reducing even the spectrum of
possible quantum numbers to number theory.
In the original formulation of Brahman-Atman identity the description based on H was used.
This leads to the conclusion that that the analog of a complex Schrödinger amplitude in the space
of number-theoretic anatomies of a given imbedding space point represented by single point of H
and represented as 8-tuples of real units should naturally represent the dependence of CH spinors
understood as ground states of super-conformal representations obtained as an 8-fold tensor power
of a fundamental representation or product of representations perhaps differing somehow. The 8tuples define a number theoretical analog of U (1)8 group in terms of which all number theoretical
symmetries are represented. This description should be equivalent with the use of single hyperoctonion unit.
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