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Abstract

The topics of this article M8 − H duality for fermions. The basic guideline is that also
fermionic dynamics should be algebraic and number theoretical.

1. Spinors should be octonionic. I have already earlier considered their possible physical
interpretation. [L1].

2. Dirac equation as linear partial differential equation should be replaced with a linear alge-
braic equation for octonionic spinors which are complexified octonions. The momentum
space variant of the ordinary Dirac equation is an algebrac equation and the proposal is
obvious: PΨ = 0, where P is the octonionic continuation of the polynomial defining the
space-time surface and multiplication is in octonionic sense. The conjugation in Oc is
induced by the conjugation of the commuting imaginary unit i. The square of the Dirac
equation is real if the space-time surface corresponds to a projection Oc → M8 → M4

with real time coordinate and imaginary spatial coordinates so that the metric defined
by the octonionic norm is real and has Minkowskian signature. Hence the notion of
Minkowski metric reduces to octonionic norm for Oc - a purely number theoretic notion.

The masslessness condition restricts the solutions to light-like 3-surfaces mklP
kP l = 0 in

Minkowskian sector analogous to mass shells in momentum space - just as in the case of
ordinary massless Dirac equation. P (o) rather than octonionic coordinate o would define
momentum. These mass shells should be mapped to light-like partonic orbits in H.

3. This picture leads to the earlier phenomenological picture about induced spinors in H.
Twistor Grassmann approach suggests the localization of the induced spinor fields at
light-like partonic orbits in H. If the induced spinor field allows a continuation from 3-D
partonic orbits to the interior of X4, it would serve as a counterpart of virtual particle
in accordance with quantum field theoretical picture.

1 Introduction

The topics of this article is M8 −H duality for fermions. Consider first the bosonic counterpart
of M8 −H duality.

1. The octonionic polynomial giving rise to space-time surface X4 as its “root” is obtained
from ordinary real polynomial P with rational coefficients by algebraic continuation. The
conjecture is that the identification in terms of roots of polynomials of even real analytic
functions guarantees associativity and one can formulate this as rather convincing argument
[L2, L3, L4]. Space-time surface X4

c is identified as a 4-D root for a Hc-valued “imaginary”
or “real” part of Oc valued polynomial obtained as an Oc continuation of a real polynomial
P with rational coefficients, which can be chosen to be integers. These options correspond
to complexified-quaternionic tangent- or normal spaces. For P (x) = xn + .. ordinary roots
are algebraic integers. The real 4-D space-time surface is projection of this surface from M8

c

to M8. One could drop the subscripts ”c” but in the sequel they will be kept.

M4
c appears as a special solution for any polynomial P . M4

c seems to be like a universal
reference solution with which to compare other solutions.
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One obtains also brane-like 6-surfaces as 6-spheres as universal solutions. They have M4

projection, which is a piece of hyper-surface for which Minkowski time as time coordinate of
CD corresponds to a root t = rn of P . For monic polynomials these time values are algebraic
integers and Galois group permutes them.

2. One cannot exclude rational functions or even real analytic functions in the sense that Taylor
coefficients are octonionically real (proportional to octonionic real unit). Number theoretical
vision - adelic physics [L5], suggests that polynomial coefficients are rational or perhaps in
extensions of rationals. The real coefficients could in principle be replaced with complex
numbers a + ib, where i commutes with the octonionic units and defines complexifiation of
octonions. i appears also in the roots defining complex extensions of rationals.

The generalization of the relationship between reals, extensions of p-adic number fields, and
algebraic numbers in their intersection is suggestive. The “world of classical worlds” (WCW)
would contain the space-time surfaces defined by polynomials with general real coefficients.
Real WCW would be continuous space in real topology. The surfaces defined by rational
or perhaps even algebraic coefficients for given extension would represent the intersection of
real WCW with the p-adic variants of WCW labelled by the extension.

3. M8 − H duality requires additional condition realized as condition that also space-time
surface itself contains 2-surfaces having commutative (complex) tangent or normal space.
These surfaces can be 2-D also in metric sense that is light-like 3-D surfaces. The number of
these surfaces is finite in generic case and they do not define a slicing of X4 as was the first
expectation. Strong form of holography (SH) makes it possible to map these surfaces and
their tangent/normal spaces to 2-D surfaces M4× CP2 and to serve as boundary values for
the partial differential equations for variational principle defined by twistor lift. Space-time
surfaces in H would be minimal surface apart from singularities.

Concerning M8 −H duality for fermions, there are strong guidelines: also fermionic dynamics
should be algebraic and number theoretical.

1. Spinors should be octonionic. I have already earlier considered their possible physical inter-
pretation. [L1].

2. Dirac equation as linear partial differential equation should be replaced with a linear algebraic
equation for octonionic spinors which are complexified octonions. The momentum space
variant of the ordinary Dirac equation is an algebraic equation and the proposal is obvious:
PΨ = 0, where P is the octonionic continuation of the polynomial defining the space-time
surface and multiplication is in octonionic sense. The conjugation in Oc is induced by the
conjugation of the commuting imaginary unit i. The square of the Dirac operator is real if the
space-time surface corresponds to the projection Oc →M8 →M4 with real time coordinate
and imaginary spatial coordinates so that the metric defined by the octonionic norm is real
and has Minkowskian signature. Hence the notion of Minkowski metric reduces to octonionic
norm for Oc - a purely number theoretic notion.

The masslessness condition restricts the solutions to light-like 3-surfaces mklP
kP l = 0 in

Minkowskian sector analogous to mass shells in momentum space - just as in the case of
ordinary massless Dirac equation. P (o) rather than octonionic coordinate o would define
momentum. These mass shells should be mapped to light-like partonic orbits in H.

3. This picture leads to the earlier phenomenological picture about induced spinors in H.
Twistor Grassmann approach suggests the localization of the induced spinor fields at light-
like partonic orbits in H. If the induced spinor field allows a continuation from 3-D partonic
orbits to the interior of X4, it would serve as a counterpart of virtual particle in accordance
with quantum field theoretical picture.

2 M 8 −H duality for space-time surfaces

It is good to explain M8−H duality for space-time surfaces before discussing it in fermionic sector.
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2.1 Space-time as 4-surface in M8
c = Oc

One can regard real space-time surface X4 ⊂ M8 as a M8−-projection of X4
c ⊂ M8

c = Oc. M
4
c is

identified as complexified quaternions Hc [L8, L12]. The dynamics is purely algebraic and therefore
local an associativity is the basic dynamical principle.

1. The basic condition is associativity of X4 ⊂M8 in the sense that either the tangent space or
normal space is associative - that is quaternionic. This would be realized if X4

c as a root for
the quaternion-valued “real” or “imaginary part” for the Oc algebraic continuation of real
analytic function P (x) in octonionic sense. Number theoretical universality requires that the
Taylor coefficients are rational numbers and that only polynomials are considered.

The 4-surfaces with associative normal space could correspond to elementary particle like
entities with Euclidian signature (CP2 type extremals) and those with associative tangent
space to their interaction regions with Minkowskian signature. These two kinds space-time
surfaces could meet along these 6-branes suggesting that interaction vertices are located at
these branes.

2. The conditions allow also exceptional solutions for any polynomial for which both “real” and
“imaginary” parts of the octonionic polynomial vanish. Brane-like solutions correspond to 6-
spheres S6 having t = rn 3-ball B3 of light-cone as M4 projection: here rn is a root of the real
polynomial with rational coefficients and can be also complex - one reason for complexification
by commuting imaginary unit i. For scattering amplitudes the topological vertices as 2-
surfaces would be located at the intersections of X4

c with 6-brane. Also Minkowski space M4

is a universal solution appearing for any polynomial and would provide a universal reference
space-time surface.

3. Polynomials with rational coefficients define EQs and these extensions form a hierarchy real-
ized at the level of physics as evolutionary hierarchy. Given extension induces extensions of
p-adic number fields and adeles and one obtains a hierarchy of adelic physics. The dimension
n of extension allows interpretation in terms of effective Planck constant heff = n×h0. The
phases of ordinary matter with effective Planck constant heff = nh0 behave like dark matter
and galactic dark matter could correspond to classical energy in TGD sense assignable to
cosmic strings thickened to magnetic flux tubes. It is not completely clear whether number
galactic dark matter must have heff > h. Dark energy in would correspond to the volume
part of the energy of the flux tubes.

There are good arguments in favor of the identification h = 6h0 [L16]. “Effective” means
that the actual value of Planck constant is h0 but in many-sheeted space-time n counts the
number of symmetry related space-time sheets defining X4 as a covering space locally. Each
sheet gives identical contribution to action and this implies that effective value of Planck
constant is nh0.

The ramified primes of extension in turn are identified as preferrred p-adic primes. The
moduli for the time differences |tr− ts| have identification as p-adic time scales assignable to
ramified primes [L12]. For ramified primes the p-adic variants of polynomials have degenerate
zeros in O(p) = 0 approximation having interpretation in terms of quantum criticality central
in TGD inspired biology.

4. During the preparation of this article I made a trivial but overall important observation.
Standard Minkowski signature emerges as a prediction if conjugation in Oc corresponds to
the conjugation with respect to commuting imaginary unit i rather than octonionic imaginary
units as though earlier. If the space-time surface corresponds to the projection Oc →M8 →
M4 with real time coordinate and imaginary spatial coordinates the metric defined by the
octonionic norm is real and has Minkowskian signature. Hence the notion of Minkowski
metric reduces to octonionic norm for Oc - a purely number theoretic notion.

2.2 Realization of M8 −H duality

M8 − H duality allows to X4 ⊂ M8 to X4 ⊂ H so that one has two equivalent descriptions for
the space-time surfaces as algebraic surfaces in M8 and as minimal surfaces with 2-D preferred 2-
surfaces defining holography making possibleM8−H duality and possibly appearing as singularities
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in H. The dynamics of minimal surfaces, which are also extremals of Kähler action, reduces
for known extremals to purely algebraic conditions analogous to holomorphy conditions in string
models and thus involving only gradients of coordinates. This condition should hold generally and
should induce the required huge reduction of degrees of freedom proposed to be realized also in
terms of the vanishing of super-symplectic Noether charges already mentioned [K2].

Twistor lift allows several variants of this basic duality [L11]. M8
H duality predicts that space-

time surfaces form a hierarchy induced by the hierarchy of EQs defining an evolutionary hierarchy.
This forms the basics for the number theoretical vision about TGD.

As already noticed, X4 ⊂M8 would satisfy an infinite number of additional conditions stating
vanishing of Noether charges for a sub-algebra SSAn ⊂ SSA of super-symplectic algebra SSA
actings as isometries of WCW.

M8 −H duality makes sense under 2 additional assumptions to be considered in the following
more explicitly than in earlier discussions [L8].

1. Associativity condition for tangent-/normal spaces is the first essential condition for the exis-
tence of M8−H duality and means that tangent - or normal space is associative/quaternionic.

2. Each tangent space of X4 at x must contain a preferred M2
c (x) ⊂ M4

c such that M2
c (x)

define an integrable distribution and therefore complexified string world sheet in M4
c . This

gives similar distribution for their orthogonal complements E2c(x). The string world sheet
like entity defined by this distribution is 2-D surface X2

c ⊂ X4
c in Rc sense. E2

c (x) would
correspond to partonic 2-surface. This condition generalizes for X4 with quaternionic normal
space. A possible interpretation is as a space-time correlate for the selection of quantization
axes for energy (rest system) and spin.

One can imagine two realizations for the additional condition.

Option I: Global option states that the distributions M2
c (x) and E2

c (x) define a slicing of X4
c .

Option II: Only a discrete set of 2-surfaces satisfying the conditions exist, they are mapped
to H, and strong form of holography (SH) applied in H allows to deduce X4 ⊂ H. This would be
the minimal option.

It seems that only Option II can be realized.

1. The basic observation is that X2
c can be fixed by posing to the non-vanishing Hc-valued part

of octonionic polynomial P condition that the Cc-valued “real” or “imaginary” part in Cc
sense for P vanishes. M2

c would be the simplest solution but also more general complex
sub-manifolds X2

c ⊂M4
c are possible. This condition allows only a discrete set of 2-surfaces

as its solutions so that it works only for Option II.

These surfaces would be like the families of curves in complex plane defined by u = 0 an v = 0
curves of analytic function f(z) = u + iv. One should have family of polynomials differing
by a constant term, which should be real so that v = 0 surfaces would form a discrete set.

2. SH makes possible M8 −H duality assuming that associativity conditions hold true only at
2-surfaces including partonic 2-surfaces or string world sheets or perhaps both. Thus one can
give up the conjecture that the polynomial ansatz implies the additional condition globally.

SH indeed states that PEs are determined by data at 2-D surfaces of X4. Even if the
conditions defining X2

c have only a discrete set of solutions, SH at the level of H could allow
to deduce the PEs from the data provided by the images of these 2-surfaces under M8 −H
duality. The existence of M2(x) would be required only at the 2-D surfaces.

3. There is however a delicacy involved: X2 might be 2-D only metrically but not topologically!
The 3-D light-like surfaces X3

L indeed have metric dimension D = 2 since the induced 4-
metric degenerates to 2-D metric at them. Therefore their pre-images in M8 would be
natural candidates for the singularities at which the dimension of the quaternionic tangent
or normal space reduces to D = 2 [L7] [K3]. If this happens, SH would not be quite so strong
as expected. The study of fermionic variant of M8 −H-duality supports this conclusion.
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One can generalize the condition selecting X2
c so that it selects 1-D surface inside X2

c . By
assuming that Rc-valued “real” or “imaginary” part of complex part of P sense at this 2-surface
vanishes. One obtains preferred M1

c or E1
c containing octonionic real and preferred imaginary unit

or distribution of the imaginary unit having interpretation as a complexified string. Together these
kind 1-D surfaces in Rc sense would define local quantization axis of energy and spin. The outcome
would be a realization of the hierarchy Rc → Cc → Hc → Oc realized as surfaces.

Figure 1: M8 −H duality.

3 What about M 8 −H duality in the fermionic sector?

During the preparation of this article I become aware of the fact that the realization M8−H duality
in the fermionic sector has remained poorly understood. This led to a considerable integration of
the ideas about M8 − H duality also in the bosonic sector and the existing phenomenological
picture follows now from M8 −H duality. There are powerful mathematical guidelines available.

3.1 Octonionic spinors

By supersymmetry, octonionicity should have also fermionic counterpart.

1. The interpretation of M8
c as complexified octonions suggests that one should use complexified

octonionic spinors in M8
c . This is also suggested by SO(1,7) triality unique for dimension

d = 8 and stating that the dimensions of vector representation, spinor representation and
its conjugate are same and equal to D = 8. I have already earlier considered the possibility
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to interpret M8 spinors as octonionic [L1]. Both octonionic gamma matrices and spinors
have interpretation as octonions and gamma matrices satisfy the usual anti-commutation
rules. The product for gamma matrices and gamma matrices and spinors is replaced with
non-associative octonionic product.

2. Octonionic spinors allow only one M8-chirality, which conforms with the assumption of TGD
inspired SUSY that only quarks are fundamental fermions and leptons are their local com-
posites [L10].

3. The decomposition of X2 ⊂ X4 ⊂M8 corresponding to R ⊂ C ⊂ Q ⊂ O should have analog
for the Oc spinors as a tensor product decomposition. The special feature of dimension D = 8
is that the dimensions of spinor spaces associated with these factors are indeed 1, 2, 4, and
8 and correspond to dimensions for the surfaces!

One can define for octonionic spinors associative/co-associative sub-spaces as quaternionic/co-
quaternionic spinors by posing chirality conditions. For X4 ⊂ M8

c one could define the
analogs of projection operators P± = (1 ± γ5)/2 as projection operators to either factor of
the spinor space as tensor product of spinor space associated with the tangent and normal
spaces of X4: the analog of γ5 would correspond to tangent or normal space depending on
whether tangent or normal space is associative. For the spinors with definite chirality there
would be no entanglement between the tensor factors. The condition would generalize the
chirality condition for massless M4 spinors to a condition holding for the local M4 appearing
as tangent/normal space of X4.

4. The chirality condition makes sense also for X2 ⊂ X4 identified as complex/co-complex
surface of X4. Now γ5 is replaced with γ3 and states that the spinor has well-defined spin
in the direction of axis defined by the decomposition of X2 tangent space to M1 × E1 with
M1 defining real octonion axis and selecting rest frame. Interpretation in terms of quantum
measurement theory is suggestive.

What about tangent space quantum numbers in M8 picture. In H-picture they correspond to
spin and electroweak quantum numbers. In M8 picture the geometric tangent space group for a
rest system is product SU(2) × SU(2) with possible modifications due to octonionicity reducing
tangent space group to those respecting octonionic automorphisms.

What about the sigma matrices for the octonionic gamma matrices? The surprise is that
the commutators of M4 sigma matries and those of E4 sigma matrices close to the sama SO(3)
algebra allowing interpretation as representation for quaternionic automorphisms. Lorentz boosts
are represented trivially, which conforms with the fact that octonion structure fixes unique rest
system. Analogous result holds in E4 degrees of freedom. Besides this one has unit matrix
assignable to the generalize spinor structure of CP2 so that also electroweak U(1) factor is obtained.

One can understand this result by noticing that octonionic spinors correspond to 2 copies of a
tensor products of the spinor doublets associated with spin and weak isospin. One has 2⊗2 = 3⊕1
so that one must have 1⊕3⊕1⊕3. The octonionic spinors indeed decompose like 1+1+3+3 under
SU(3) representing automophisms of the octonions. SO(3) could be interpreted as SO(3) ⊂ SU(3).
SU(3) would be represented as tangent space rotations.

3.2 Dirac equation as partial differential equation must be replaced by
an algebraic equation

Algebraization of dynamics should be also supersymmetric. The modified Dirac equation in H is
linear partial differential equation and should correspond to a linear algebraic equation in M8.

1. The key observation is that for the ordinary Dirac equation the momentum space variant of
Dirac equation for momentum eigenstates is algebraic! Could the interpretation for M8−H
duality as an analog of momentum-position duality of wave mechanics considered already
earlier make sense! This could also have something to do with the dual descriptions of
twistorial scattering amplitudes in terms of either twistor and momentum twistors. Already
the earlier work excludes the interpretation of the octonionic coordinate o as 8-momentum.
Rather, P (o) has this interpretation and o corrresponds to imbedding space coordinate.
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2. The first guess for the counterpart of the modified Dirac equation at the level of X4 ⊂ M8

is PΨ = 0, where Ψ is octonionic spinor and the octonionic polynomial P defining the
space-time surface can be seen as a generalization of momentum space Dirac operator with
octonion units representing gamma matrices. If associativity/co-associativity holds true, the
equation becomes quaternionic/co-quaternionic and reduces to the 4-D analog of massless
Dirac equation and of modified Dirac equation in H. Associativity hols true if also Ψ satisfies
associativity/co-associativity condition as proposed above.

3. What about the square of the Dirac operator? There are 3 conjugations involved: quater-
nionic conjugation assumed in the earlier work, conjugation with respect to i, and their
combination. The analog of octonionic norm squared defined as the product oco

∗
c with con-

jugation with respect to i only, gives Minkowskian metric mklo
kol as its real part. The

imaginary part of the norm squared is vanishing for the projection Oc →M8 →M4 so that
time coordinate is real and spatial coordinates imaginary. Therefore Dirac equation allows
solutions only for the M4 projection X4 and M4 (M8) signature of the metric can be said
to be an outcome of quaternionicity (octonionicity) alone in accordance with the duality
between metric and algebraic pictures.

Both P †P and PP should annihilate Ψ. P †PΨ = 0 gives mklP
kP

l
= 0 as the analog

of vanishing mass squared in M4 signature in both associative and co-associative cases.
PPΨ = 0 reduces to PΨ = 0 by masslessness condition. One could perhaps interpret the
projection X4

c →M8 →M4 in terms of Uncertainty Principle.

There is a U(1) symmetry involved: instead of the plane M8 one can choose any plane
obtained by a rotation exp(iφ) from it. Could it realize quark number conservation in M8

picture?

For P = o having only o = 0 as root Po = 0 reduces to o†o = 0 and o takes the role of
momentum, which is however vanishing. 6-D brane like solutions S6 having t = rn balls
B3 ⊂ CD4 as M4 projections one has P = 0 so that the Dirac equation trivializes and does
not pose conditions on Ψ. o would have interpretation as space-time coordinates and P (o)
as position dependent momentum components P k.

The variation of P at mass shell of M8
c (to be precise) could be interpreted in terms of the

width of the wave packet representing particle. Since the light-like curve at partonic 2-surface
for fermion at X3

L is not a geodesic, mass squared in M4 sense is not vanishing. Could one
understand mass squared and the decay width of the particle geometrically? Note that mass
squared is predicted also by p-adic thermodynamics [K1].

4. The masslessness condition restricts the spinors at 3-D light-cone boundary in P (M8). M8−
H duality [L8] suggests that this boundary is mapped to X3

L ⊂ H defining the light-like orbit
of the partonic 2-surface in H. The identification of the images of PkP

k = 0 surfaces as X3
L

gives a very powerful constraint on SH and M8 −H duality.

5. Also at 2-surfaces X2 ⊂ X4 an the variant Dirac equation would hold true and should
commute with the corresponding chirality condition. Now D†DΨ = 0 gives 2-D variant
of masslessness condition with 2-momentum components represented by those of P . 2-D
masslessness locates the spinor to a 1-D curve X1

L. Its H-image would naturally contain the
boundary of the string word sheet at X3

L assumed to carry fermion quantum numbers and
also the boundary of string world sheet at the light-like boundary of CD4. The interior of
string world sheet in H would not carry induced spinor field.

6. The general solution for both 4-D and 2-D cases can be written as Ψ = PΨ0, Ψ0 a constant
spinor - this in a complete analogy with the solution of modified Dirac equation in H. P
depends on position: the WKB approximation using plane waves with position dependent
momentum seems to be nearer to reality than one might expect.

3.3 The phenomenological picture at H-level follows from the M8-picture

Remarkably, the partly phenomenological picture developed at the level of H is reproduced at
the level of M8. Whether the induced spinor fields in the interior of X4 are present or not, has
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been long standing question since they do not seem to have any role in the physical picture. The
proposed picture answers this question.

Consider now the explicit realization of M8 −H-duality for fermions.

1. SH and the expected analogy with the bosonic variant of M8 − H duality lead to the first
guess. The spinor modes in X4 ⊂ M8 restricted to X2 can be mapped by M8 −H-duality
to those at their images X2 ⊂ H, and define boundary conditions allowing to deduce the
solution of the modified Dirac equation at X4 ⊂ H. X2 would correspond to string world
sheets having boundaries X1

L at X3
L.

The guess is not quite correct. Algebraic Dirac equation requires that the solutions are
restricted to the 3-D and 1-D mass shells PkP

k = 0 in M8. This should remain true also in
H and X3

L and their 1-D intersections X1
L with string world sheets remain. Fermions would

live at boundaries. This is just the picture proposed for the TGD counterparts of the twistor
amplitudes and corresponds to that used in twistor Grassmann approach!

For 2-D case constant octonionic spinors Ψ0 and gamma matrix algebra are equivalent with
the ordinary Weyl spinors and gamma matrix algebra and can be mapped as such to H. This
gives one additional reason for why SH must be involved.

2. At the level of H the first guess is that the modified Dirac equation DΨ = 0 is true for
D based on the modified gamma matrices associated with both volume action and Kähler
action. This would select preferred solutions of modified Dirac equation and conform with
the vanishing of super-symplectic Noether charges for SSAn for the spinor modes. The guess
is not quite correct. The restriction of the induced spinors to X3

L requires that Chern-Simons
action at X3

L defines the modified Drac action.

3. The question has been whether the 2-D modified Dirac action emerges as a singular part of 4-
D modified Dirac action assignable to singular 2-surface or can one assign an independent 2-D
Dirac action assignable to 2-surfaces selected by some other criterion. For singular surfaces
M8−H duality fails since tangent space would reduce to 2-D space so that only their images
can appear in SH at the level of H.

This supports the view that singular surfaces are actually 3-D mass shells M8 mapped to X3
L

for which 4-D tangent space is 2-D by the vanishing of
√
g4 and light-likeness. String world

sheets would correspond to non-singular X2 ⊂ M8 mapped to H and defining data for SH
and their boundaries X1

L ⊂ X3
L and X1

L ⊂ CD4 would define fermionic variant of SH.

What about the modified Dirac operator D in H?

1. For X3
L modified Dirac equation DΨ = 0 based on 4-D action S containing volume and

Kähler term is problematic since the induced metric fails to have inverse at X3
L. The only

possible action is Chern-Simons action SCS used in topological quantum field theories and
now defined as sum of C-S terms for Kähler actions in M4 and CP2 degrees of freedom. The
presence of M4 part of Kähler form of M8 is forced by the twistor lift, and would give rise
to small CP breaking effects explaining matter antimatter asymmetry [L10]. SC−S could
emerge as a limit of 4-D action.

The modified Dirac operator DC−S uses modified gamma matrices identified as contractions
ΓαCS = Tαkγk, where Tαk = ∂LCS/∂(∂αh

k) are canonical momentum currents for SC−S
defined by a standard formula.

2. CP2 part would give conserved Noether currents for color in and M4 part Poincare quantum
numbers: the apparently small CP breaking term would give masses for quarks and leptons!
The bosonic Noether current JB,A for Killing vector jkA would be proportional to JαB,A =

Tαk jAk and given by JB,A = εαβγ [JβγAk +AβJγk]jkA.

Fermionic Noether current would be JF,A = ΨJαΨ 3-D Riemann spaces allow coordinates in
which the metric tensor is a direct sum of 1-D and 2-D contributions and are analogous to
expectation values of bosonic Noether currents. One can also identify also finite number of
Noether super currents by replacing Ψ or Ψ by its modes.
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3. In the case of X3
L the 1-D part light-like part would vanish. If also induced Kähler form

is non-vanishing only in 2-D degrees of freedom, the Noether charge densities J t reduce to
J t = JAkj

k
A, J = εαβγJβγ defining magnetic flux. Modified Dirac operator would reduce to

D = JAkγ
kDt and 3-D solutions would be covariantly constant spinors along the light-like

geodesics parameterized by the points 2-D cross section. One could say that the number of
solutions is finite and corresponds to covariantly constant modes continued from X1

L to X3
L.

This picture is just what twistor Grassmannian approach led to [L6].

3.4 A comment inspired by the ZEO based quantum measurement the-
ory

I cannot resist the temptation to make a comment relating to quantum measurement theory in-
spired by zero energy ontology (ZEO) extending to a theory of consciousness [L9, L14, L15].

I have proposed [L12, L13] that the time evolution by “big” state function reductions (BSFRs)
could be induced by iteration of real polynomial P - at least in some special cases. The foots of the
real polynomial P would define a fractal at the limit of larger number of iterations. The roots of
n-fold iterate ◦nP would contain the inverse images under ◦−n+1P of roots of P and for P (0) = 0
the inverse image ◦nP would consist of inverse images under ◦−kP , k = 0, ...., n− 1, of roots of P .

Also the mass shells for ◦nP would be unions of inverses images under ◦−kP , k = 0, , ...., n− 1,
of roots of P . This gives rather concrete view about evolution of M4 projections of the partonic
orbits. A rough approximate expression for the largest root of real P approximated as P (x) '
anx

n + an− 1ixn−1 for large x is xmax ∼ an/an−1. For ◦nP one obtains the same estimate. This
suggests that the size scales of the partonic orbits are same for the iterates. The mass shells would
not differ dramatically: could they have an interpretation in terms of mass splitting?

The evolution by iteration would add new partonic orbits and preserve the existing ones: this
brings in mind conservation of genes in biological evolution. This is true also for a more general
evolution allowing general functional decomposition Q→ Q ◦ P to occur in BSFR.

3.5 What next in TGD?

The construction of scattering amplitudes has been the dream impossible that has driven me for
decades. Maybe the understanding of fermionic M8 − H duality provides the needed additional
conceptual tools. The key observation is utterly trivial but far reaching: there are 3 possible
conjugations for octonions corresponding to the conjugation of commutative imaginary unit or
of octonionic imaginary units or both of them. 1st norm gives a real valued norm squared in
Minkowski signature natural at M8 level! Second one gives a complex valued norm squared in
Euclidian signature. 1st and 2nd norms are equivalent for octonions light-like with respect to the
first norm. The 3rd conjugation gives a real-valued Euclidian norm natural at the level of Hilbert
space.

1. M8 picture looks simple. Space-time surfaces in M8 can be constructed from real polynomials
with real (rational) coefficients, actually knowledge of their roots is enough. Discrete data -
roots of the polynomial!- determine space-time surface as associative or co-associative region!
Besides this one must pose additional condition selecting 2-D string world sheets and 3-
D light-like surfaces as orbits of partonic 2-surfaces. These would define strong form of
holography (SH) allowing to map space-time surfaces in M8 to M4 × CP2.

2. Could SH generalize to the level of scattering amplitudes expressible in terms of n-point
functions of CFT? Could the n points correspond to the roots of the polynomial defining
space-time region!

Algebraic continuation to quaternion valued scattering amplitudes analogous to that giving
space-time sheets from the data coded SH should be the key idea. Their moduli squared are
real - this led to the emergence of Minkowski metric for complexified octonions/quaternions)
would give the real scattering rates: this is enough! This would mean a number theoretic
generalization of quantum theory.

3. One can start from complex numbers and string world sheets/partonic 2-surfaces. Confor-
mal field theories (CFTs) in 2-D play fundamental role in the construction of scattering
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string theories and in modelling 2-D statistical systems. In TGD 2-D surfaces (2-D at least
metrically) code for information about space-time surface by strong holography (SH) .

Are CFTs at partonic 2-surfaces and string world sheets the basic building bricks? Could
2-D conformal invariance dictate the data needed to construct the scattering amplitudes for
given space-time region defined by causal diamond (CD) taking the role of sphere S2 in
CFTs. Could the generalization for metrically 2-D light-like 3-surfaces be needed at the level
of ”world of classical worlds” (WCW) when states are superpositions of space-time surfaces,
preferred extremals?

The challenge is to develop a concrete number theoretic hierarchy for scattering amplitudes:
R→ C → H → O - actually their complexifications.

1. In the case of fermions one can start from 1-D data at light-like boundaries LB of string
world sheets at light-like orbits of partonic 2-surfaces. Fermionic propagators assignable
to LB would be coded by 2-D Minkowskian QFT in manner analogous to that in twistor
Grassmann approach. n-point vertices would be expressible in terms of Euclidian n-point
functions for partonic 2-surfaces: the latter element would be new as compared to QFTs
since point-like vertex is replaced with partonic 2-surface.

2. The fusion (product?) of these Minkowskian and Euclidian CFT entities corresponding to
different realization of complex numbers as sub-field of quaternions would give rise to 4-D
quaternionic valued scattering amplitudes for given space-time sheet. Most importantly:
there moduli squared are real for both norms.

It is not quite clear whether one must use the 1st Minkowskian norm requiring “time-like”
scattering amplitudes to achieve non-negative probabilities or use the 3rd norm to get the
ordinary positive-definite Hilbert space norm. A generalization of quantum theory (CFT)
from complex numbers to quaternions (quaternionic “CFT”) would be in question.

3. What about several space-time sheets? Could one allow fusion of different quaternionic
scattering amplitudes corresponding to different quaternionic sub-spaces of complexified oc-
tonions to get octonion-valued non-associative scattering amplitudes. Again scattering rates
would be real. This would be a further generalization of quantum theory.

There is also the challenge to relate M8- and H-pictures at the level of WCW. The formulation
of physics in terms of WCW geometry [K2, ?] leads to the hypothesis that WCW Kähler geometry
is determined by Kähler function identified as the 4-D action resulting by dimensional reduction
of 6-D surfaces in the product of twistor spaces of M4 and CP2 to twistor bundles having S2 as
fiber and space-time surface X4 ⊂ H as base. The 6-D Kähler action reduces to the sum of 4-D
Kähler action and volume term having interpretation in terms of cosmological constant.

The question is whether the Kähler function - an essentially geometric notion - can have a
counterpart at the level of M8.

1. SH suggests that the Kähler function identified in the proposed manner can be expressed
by using 2-D data or at least metrically 2-D data (light-like partonic orbits and light-like
boundaries of CD). Note that each WCW would correspond to a particular CD.

2. Since 2-D conformal symmetry is involved, one expects also modular invariance meaning that
WCW Kähler function is modular invariant, so that they have the same value for X4 ⊂ H
for which partonic 2-surfaces have induced metric in the same conformal equivalence class.

3. Also the analogs of Kac-Moody type symmetries would be realized as symmetries of Kähler
function. The algebra of super-symplectic symmetries of the light-cone boundary can be
regarded as an analog of Kac-Moody algebra. Light-cone boundary has topology S2 × R+

where R+ corresponds to radial light-like ray parameterized by radial light-like coordinate r.
Super symplectic transformations of S2 × CP2 depend on the light-like radial coordinate r,
which is analogous to the complex coordinate z for he Kac-Moody algebras.

The infinitesimal super-symplectic transformations form algebra SSA with generators propor-
tional to powers rn . The Kac-Moody invariance for physical states generalizes to a hierarchy
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of similar invariances. There is infinite fractal hierarchy of sub-algebras SSAn ⊂ SSA with
conformal weights coming as n-multiples of those for SSA. For physical states SSAn and
[SSAn, SSA] would act as gauge symmetries. They would leave invariant also Kähler func-
tion in the sector WCWn defined by n. This would define a hierarchy of sub- WCWs of the
WCW assignable to given CD.

The sector WCWn could correspond to extensions of rationals with dimension n, and one
would have inclusion hierarchies consisting of sequences of ni with ni dividing ni+1. These
inclusion hierarchies would naturally correspond to those for hyper-finite factors of type
II1 [K4].

4. A connection with elementary particle vacuum functionals [?] playing a key role in p-adic
mass calculations is highly suggestive. Elementary particle vacuum functionals associated
with partonic 2-surface could be building bricks of the exponential of WCW Kähler function.
Also analogous partition functions for string world sheets would be involved.

5. Although the notion of the induced metric and Kähler form need not make sense at the level
of M8, one can speak of conformal and modular invariance for partonic 2-surfaces and string
world sheets. This together with SH suggest that WCW Kähler function can be expressed
as a partition functions of conformal field theory for string worlds sheets and partonic 2-
surfaces. One could perhaps say that conformal field theories are the bridge between visions
about physics as geometry on one hand, and as number theory on the other hand.

6. The theory cannot be completely scaling invariant even at the level of M8 and metric must
somehow enter to the game. The size of CD would introduce the length scale. The ratio of
CD scale to that of CP2 would serve as fundamental dimensionless parameter. It could be
quantized as multiples of fundamental scale defined by CP2 scale - at least for the discrete
sub-space of WCW determined by polynomials with rational coefficients this should be the
case.
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